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1. PREAMBLE
In these Lecture Notes1, a comprehensive description of the universal fractal ge-
ometry of conformally-invariant (CI) scaling curves or interfaces, in the plane
or half-plane, is given. They can be considered as complementary to those by
Wendelin Werner.2
The present approach focuses on deriving critical exponents associated with
interacting random paths, by exploiting an underlying quantum gravity (QG)
structure. The latter relates exponents in the plane to those on a random lattice,
i.e., in a fluctuating metric, using the so-called Knizhnik, Polyakov and Zamolod-
chikov (KPZ) map. This is accomplished within the framework of random matrix
theory and conformal field theory (CFT), with applications to well-recognized
geometrical critical models, like Brownian paths, self-avoiding walks, percola-
tion, and more generally, the O(N) or Q-state Potts models, and Schramm’s
Stochastic Löwner Evolution (SLEκ).3
Two fundamental ingredients of the QG construction are: the relation of bulk
to Dirichlet boundary exponents, and additivity rules for QG boundary confor-
mal dimensions associated with mutual-avoidance between sets of random paths.
These relation and rules are established from the general structure of correlation
functions of arbitrary interacting random sets on a random lattice, as derived from
random matrix theory.
The additivity of boundary exponents in quantum gravity for mutually-avoiding
paths is in contradistinction to the usual additivity of exponents in the standard
complex plane C or half-plane H, where the latter additivity corresponds to the
statistical independence of random processes, hence to possibly overlapping ran-
dom paths. Therefore, with both additivities at hand, either in QG or in C (or H),
and the possibility of multiple, direct or inverse, KPZ-maps between the random
and the complex planes, any entangled structure made of interacting paths can be
resolved and its exponents calculated, as explained in these Notes.
1These Notes are based on my previous research survey article published in Ref. [1], augmented
by introductory sections, explanatory figures and some new material. Supplementary technical Ap-
pendices can be found in Ref. [1], or in the forecoming extended version of the present Lectures on
the Cornell University Library web site, arXiv.org.
2W. Werner, Some Recent Aspects of Random Conformally Invariant Systems [2]; see also [3].
3For an introduction, see the recent book by G. F. Lawler [4].
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From this, non-intersection exponents for random walks or Brownian paths,
self-avoiding walks (SAW’s), or arbitrary mixtures thereof are derived in partic-
ular.
Next, the multifractal function f(α, c) of the harmonic measure (i.e., electro-
static potential, or diffusion field) near any conformally invariant fractal bound-
ary or interface, is obtained as a function of the central charge c of the associated
CFT. It gives the Hausdorff dimension of the set of frontier points wα, where the
potential varies with distance r to the said point as rα. From an electrostatic point
of view, this is equivalent to saying that the frontier locally looks like a wedge of
opening angle 0 ≤ θ ≤ 2π, with a potential scaling like rπ/θ , whence α = π/θ.
Equivalently, the electrostatic charge contained in a ball of radius r centered at
wα, and the harmonic measure, i.e., the probability that an auxiliary Brownian
motion started at infinity, first hits the frontier in the same ball, both scale like
rα.
In particular, we shall see that Brownian paths, SAW’s in the scaling limit, and
critical percolation clusters all have identical spectra corresponding to the same
central charge c = 0. This result therefore states that the frontiers of a Brownian
path or of the scaling limit of a critical percolation cluster are just identical with
the scaling limit of a self-avoiding walk (or loop).
Higher multifractal functions, like the double spectrum f2(α, α′; c) of the
double-sided harmonic measure on both sides of an SLE, are similarly obtained.
As a corollary, the Hausdorff dimension DH of a non-simple scaling curve
or cluster hull, and the dimension DEP = supαf(α, c) of its simple frontier
or external perimeter, are shown to obey the (superuniversal) duality equation
(DH − 1)(DEP − 1) = 14 , valid for any value of the central charge c.
For the SLEκ process, this predicts the existence of a κ→ κ′ = 16/κ duality
which associates simple (κ′ ≤ 4) SLE paths as external frontiers of non-simple
paths (κ > 4) paths. This duality is established via an algebraic symmetry of the
KPZ quantum gravity map. An extended dual KPZ relation is thus introduced
for the SLE, which commutes with the κ→ κ′ = 16/κ duality.
Quantum gravity allows one to “transmute” random paths one into another,
in particular Brownian paths into equivalent SLE paths. Combined with duality,
this allows one to calculate SLE exponents from simple QG fusion rules.
Besides the set of local singularity exponents α introduced above, the sta-
tistical description of the random geometry of a conformally invariant scaling
curve or interface requires the introduction of logarithmic spirals. These provide
geometrical configurations of a scaling curve about a generic point that are con-
formally invariant, and correspond to the asymptotic logarithmic winding of the
polar angle ϕ at distance r, ϕ = λ ln r, r → 0, of the wedge (of opening angle
θ = π/α) seen above.
In complex analysis and probability theory, this is best described by a new
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multifractal spectrum, the mixed rotation harmonic spectrum f(α, λ; c), which
gives the Hausdorff dimension of the set of points possessing both a local log-
arithmic winding rate λ and a local singularity exponent α with respect to the
harmonic measure.
The spectrum f(α, λ; c) of any conformally invariant scaling curve or inter-
face is thus obtained as a function of the central charge c labelling the associated
CFT, or, equivalently, of the parameter κ for the SLEκ process. Recently, these
results have been derived rigorously, including their various probabilistic senses,
from first principle calculations within the SLE framework, thus vindicating the
QG approach.
The Lecture Notes by Wendelin Werner in this volume [2] are based on the
rigorous construction of conformal ensembles of random curves using the SLE.
Bridging the gap between these physics and mathematics based approaches should
constitute an interesting project for future studies.
A first step is the reformulation of the probabilistic SLE formalism in terms of
standard conformal field theory.4 A second one would be a more direct relation
to standard models and methods of statistical mechanics in two dimensions like
the Coulomb gas and Bethe Ansatz ones.5 The natural emergence of quantum
gravity in the SLE framework should be the next issue.
Let us start with a brief history of conformal invariance in statistical physics
and probability theory.
2. INTRODUCTION
2.1. A Brief Conformal History
Brownian Paths, Critical Phenomena, and Quantum Field Theory
Brownian motion is the archetype of a random process, hence its great impor-
tance in physics and probability theory [8]. The Brownian path is also the arche-
type of a scale invariant set, and in two dimensions is a conformally-invariant
one, as shown by P. Lévy [9]. It is therefore perhaps the most natural random
fractal [10]. On the other hand, Brownian paths are intimately linked with quan-
tum field theory (QFT). Intersections of Brownian paths indeed provide the ran-
dom geometrical mechanism underlying QFT [11]. In a Feynman diagram, any
propagator line can be represented by a Brownian path, and the vertices are inter-
section points of the Brownian paths. This equivalence is widely used in polymer
theory [12,13] and in rigorous studies of second-order phase transitions and field
4For an introduction, see M. Bauer and D. Bernard [5], and J. Cardy, SLE for Theoretical Physi-
cists, [6].
5See, e.g., W. Kager and B. Nienhuis [7].
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theories [14]. Families of universal critical exponents are in particular associated
with non-intersection probabilities of collections of random walks or Brownian
paths, and these play an important role both in probability theory and quantum
field theory [15–18].
A perhaps less known fact is the existence of highly non-trivial geometri-
cal, actually fractal (or multifractal), properties of Brownian paths or their sub-
sets [10]. These types of geometrical fractal properties generalize to all universal-
ity classes of, e.g., random walks (RW’s), loop-erased random walks (LERW’s),
self-avoiding walks (SAW’s) or polymers, Ising, percolation and Potts models,
O(N) models, which are related in an essential way to standard critical phenom-
ena and field theory. The random fractal geometry is particularly rich in two
dimensions.
Conformal Invariance and Coulomb Gas
In two dimensions (2D), the notion of conformal invariance [19–21], and the in-
troduction of the so-called “Coulomb gas techniques” and “Bethe Ansatz” have
brought a wealth of exact results in the Statistical Mechanics of critical mod-
els (see, e.g., Refs. [22] to [51]). Conformal field theory (CFT) has lent strong
support to the conjecture that statistical systems at their critical point, in their
scaling (continuum) limit, produce conformally-invariant (CI) fractal structures,
examples of which are the continuum scaling limits of RW’s, LERW’s, SAW’s,
critical Ising or Potts clusters. A prominent role was played by Cardy’s equa-
tion for the crossing probabilities in 2D percolation [43]. To understand confor-
mal invariance in a rigorous way presented a mathematical challenge (see, e.g.,
Refs. [52–54]). In the particular case of planar Brownian paths, Benoît Mandel-
Fig. 1. A planar Brownian path and its external frontier.
brot [10] made the following famous conjecture in 1982: in two dimensions, the
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external frontier of a planar Brownian path has a Hausdorff dimension
DBrown. fr. =
4
3
, (2.1)
identical to that found by B. Nienhuis for a planar self-avoiding walk [24]. This
identity has played an important role in probability theory and theoretical physics
in recent years, and will be a central theme in these Notes. We shall understand
this identity in the light of “quantum gravity”, to which we turn now.
SAW in plane - 1,000,000 steps
Fig. 2. A planar self-avoiding walk (Courtesy of T. Kennedy).
Quantum Gravity and the KPZ Relation
Another breakthrough, not widely noticed at the time, was the introduction of
“2D quantum gravity” (QG) in the statistical mechanics of 2D critical systems. V.
A. Kazakov gave the solution of the Ising model on a random planar lattice [55].
The astounding discovery by Knizhnik, Polyakov, and Zamolodchikov of the
“KPZ” map between critical exponents in the standard plane and in a random
2D metric [56] led to the relation of the exponents found in Ref. [55] to those
of Onsager (see also [57]). The first other explicit solutions and checks of KPZ
were obtained for SAW’s [58] and for the O(N) model [59–61].
Multifractality
The concepts of generalized dimensions and associated multifractal (MF) mea-
sures were developed in parallel two decades ago [62–65]. It was later realized
that multifractals and field theory have deep connections, since the algebras of
their respective correlation functions reveal striking similarities [66].
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A particular example is given by classical potential theory, i.e., that of the
electrostatic or diffusion field near critical fractal boundaries, or near diffusion
limited aggregates (DLA). The self-similarity of the fractal boundary is indeed
reflected in a multifractal behavior of the moments of the potential. In DLA,
the potential, also called harmonic measure, actually determines the growth pro-
cess [67–70]. For equilibrium statistical fractals, a first analytical example of
multifractality was studied in ref. [71], where the fractal boundary was chosen
to be a simple RW, or a SAW, both accessible to renormalization group methods
near four dimensions. In two dimensions, the existence of a multifractal spectrum
for the Brownian path frontier was established rigorously [72].
In 2D, in analogy to the simplicity of the classical method of conformal trans-
forms to solve electrostatics of Euclidean domains, a universal solution could be
expected for the distribution of potential near any CI fractal in the plane. It was
clear that these multifractal spectra should be linked with the conformal invari-
ance classification, but outside the realm of the usual rational exponents. That
presented a second challenge to the theory.
2.2. Conformal Geometrical Structures
Brownian Intersection Exponents
It was already envisioned in the mid-eighties that the critical properties of pla-
nar Brownian paths, whose conformal invariance was well-established [9], could
be the opening gate to rigorous studies of two-dimensional critical phenomena.6
The precise values of the family ζL governing the similar non-intersection prop-
erties of L Brownian paths were later conjectured from conformal invariance and
numerical studies in Ref. [73] (see also [74,75]). They correspond to a CFT with
central charge c = 0. Interestingly enough, however, their analytic derivation
resisted attempts by standard “Coulomb-gas” techniques.
Spanning Trees and LERW
The related random process, the “loop-erased random walk”, introduced in Ref.
[76], in which the loops of a simple RW are erased sequentially, could also be
expected to be accessible to a rigorous approach. Indeed, it can be seen as the
6It is perhaps interesting to note that P.-G. de Gennes originally studied polymer theory with
the same hope of understanding from that perspective the broader class of critical phenomena. It
turned out to be historically the converse: the Wilson-Fisher renormalization group approach to spin
models withO(N) symmetry yielded in 1972 the polymer critical exponents as the special case of the
N → 0 limit [12]. Michael Aizenman, in a seminar in the Probability Laboratory of the University
of Paris VI in 1984, insisted on the importance of the ζ2 exponent governing in two dimensions the
non-intersection probability up to time t, P2(t) ≈ t−ζ2 , of two Brownian paths, and promised a
good bottle of Bordeaux wine for its resolution. A Château-Margaux 1982 was finally savored in
company of M. Aizenman, G. Lawler, O. Schramm, and W. Werner in 2001.
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backbone of a spanning tree, and the Coulomb gas predictions for the associated
exponents [77, 78] were obtained rigorously by determinantal or Pfaffian tech-
niques by R. Kenyon [79], in addition to the conformal invariance of crossing
probabilities [80]. They correspond to a CFT with central charge c = −2.
Conformal Invariance and Brownian Cascade Relations
The other route was followed by W. Werner [81], joined later by G. F. Lawler,
who concentrated on Brownian path intersections, and on their general conformal
invariance properties. They derived in particular important “cascade relations”
between Brownian intersection exponents of packets of Brownian paths [82], but
still without a derivation of the conjectured values of the latter.
2.3. Quantum Gravity
QG and Brownian Paths, SAW’s and Percolation
In the Brownian cascade structure of Lawler and Werner the author recognized
the emergence of an underlying quantum gravity structure. This led to an an-
alytical derivation of the (non-)intersection exponents for Brownian paths [83].
The same QG structure, properly understood, also gave access to exponents of
mixtures of RW’s and SAW’s, to the harmonic measure multifractal spectra of
the latter two [84], of a percolation cluster [85], and to the rederivation of path-
crossing exponents in percolation of Ref. [86]. Mandelbrot’s conjecture (2.1)
also follows from
DBrown. fr. = 2− 2ζ 3
2
=
4
3
. (2.2)
It was also observed there that the whole class of Brownian paths, self-avoiding
walks, and percolation clusters, possesses the same harmonic MF spectrum in
two dimensions, corresponding to a unique central charge c = 0. Higher MF
spectra were also calculated [87]. Related results were obtained in Refs. [88,89].
General CI Curves and Multifractality
The general solution for the potential distribution near any conformal fractal in
2D was finally obtained from the same quantum gravity structure [90]. The exact
multifractal spectra describing the singularities of the harmonic measure along
the fractal boundary depend only on the so-called central charge c, the parameter
which labels the universality class of the underlying CFT7.
7Another intriguing quantum gravity structure was found in the classical combinatorial problem
of meanders [91].
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Duality
A corollary is the existence of a subtle geometrical duality structure in bound-
aries of random paths or clusters [90]. For instance, in the Potts model, the
external perimeter (EP) of a Fortuin-Kasteleyn cluster, which bears the electro-
static charge and is a simple (i.e., double point free) curve, differs from the full
cluster’s hull, which bounces onto itself in the scaling limit. The EP’s Hausdorff
dimension DEP, and the hull’s Hausdorff dimension DH obey a duality relation:
(DEP − 1)(DH − 1) = 1
4
, (2.3)
whereDEP ≤ DH. This generalizes the case of percolation hulls [92], elucidated
in Ref. [86], for which: DEP = 4/3, DH = 7/4. Notice that the symmetric
point of (2.3), DEP = DH = 3/2, gives the maximum dimension of a simple
conformally-invariant random curve in the plane.
2.4. Stochastic Löwner Evolution
SLE and Brownian Paths
In mathematics, O. Schramm, trying to reproduce by a continuum stochastic pro-
cess both the conformal invariance and Markov properties of the scaling limit of
loop-erased random walks, invented during the same period in 1999 the so-called
“Stochastic Löwner Evolution” (SLE) [93], a process parameterized by an auxil-
iary one-dimensional Brownian motion of variance or “diffusion constant” κ. It
became quickly recognized as a breakthrough since it provided a powerful ana-
lytical tool to describe conformally-invariant scaling curves for various values of
κ. The first identifications to standard critical models were proposed: LERW for
κ = 2, and hulls of critical percolation clusters for κ = 6 [93].
More generally, it was clear that the SLE described the continuum limit of
hulls of critical cluster or loop models, and that the κ parameter is actually in one-
to-one correspondence to the usual Coulomb gas coupling constant g, g = 4/κ.
The easiest way [94] was to identify the Gaussian formula for the windings about
the tip of the SLE given by Schramm in his original paper, with the similar one
found earlier by H. Saleur and the author from Coulomb gas techniques for the
windings in the O(N) model [34] (see, e.g., [95] and section 9.2 below).
Lawler, Schramm and Werner were then able to rigorously derive the Brow-
nian intersection exponents [96], as well as Mandelbrot’s conjecture [97] by re-
lating them to the properties of SLEκ=6.8 S. Smirnov was able to relate rig-
orously the continuum limit of site percolation on the triangular lattice to the
8Wendelin Werner is being awarded the Fields Medal on August 22nd, 2006, at the Interna-
tional Congress of Mathematicians in Madrid, “for his contributions to the development of stochastic
Loewner evolution, the geometry of two-dimensional Brownian motion, and conformal field theory.”
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SLEκ=6 process [98], and derived Cardy’s equation [43] from it. Other well-
known percolation scaling behaviors follow from this [99, 100]. The scaling
limit of the LERW has also been rigorously shown to be the SLEκ=2 [101],
as anticipated in Ref. [93], while that of SAW’s is expected to correspond to
κ = 8/3 [95, 102, 103].
Duality for SLEκ
The SLEκ trace essentially describes boundaries of conformally-invariant ran-
dom clusters. For κ ≤ 4, it is a simple path, while for κ > 4 it bounces onto
itself. One can establish a dictionary between the results obtained by quantum
gravity and Coulomb gas techniques for Potts and O(N) models [90], and those
concerning the SLE [95] (see below). The duality equation (2.3) then brings in a
κκ′ = 16 duality property [90, 95, 104] between Hausdorff dimensions:
[DEP(κ)− 1] [DH(κ)− 1] = 1
4
, κ ≥ 4 , (2.4)
where
DEP(κ) = DH(κ
′ = 16/κ), κ′ ≤ 4
gives the dimension of the (simple) frontier of a non-simple SLEκ≥4 trace as the
Hausdorff dimension of the simple SLE16/κ trace. Actually, this extends to the
whole multifractal spectrum of the harmonic measure near the SLEκ, which is
identical to that of the SLE16/κ [90, 95]. From that result was originally stated
the duality prediction that the frontier of the non-simple SLEκ≥4 path is locally
a simple SLE16/κ path [90, 95, 104].
The SLE geometrical properties per se are an active subject of investigations
[105]. The value of the Hausdorff dimension of the SLE trace, DH(κ) = 1 +
κ/8, has been obtained rigorously by V. Beffara, first in the case of percolation
(κ = 6) [106], and in general [107], in agreement with the value predicted by
the Coulomb gas approach [24, 32, 90, 95]. The duality (2.4) predicts DEP(κ) =
1+(κ/8)ϑ(4−κ)+(2/κ)ϑ(κ−4) for the dimension of the SLE frontier [90,95].
The mixed multifractal spectrum describing the local rotations (windings) and
singularities of the harmonic measure near a fractal boundary, introduced some
time ago by Ilia Binder [108], has been obtained for SLE, by a combination of
Coulomb gas and quantum gravity methods [109].
2.5. Recent Developments
At the same time, the relationship of SLEκ to standard conformal field theory
has been pointed out and developed, both in physics [110, 111] and mathematics
[112–114].
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A two-parameter family of Stochastic Löwner Evolution processes, the so-
called SLE(κ, ρ) processes, introduced in Ref. [112], has been studied further
[115], in particular in relation to the duality property mentioned above [116]. It
can be studied in the CFT framework [117, 118], and we shall briefly describe
it here from the QG point of view. Quite recently, SLE(κ, ρ) has also been de-
scribed in terms of randomly growing polygons [119].
A description of collections of SLE’s in terms of Dyson’s circular ensembles
has been proposed [120]. Multiple SLE’s are also studied in Refs. [121–123].
Percolation remains a favorite model: Watts’ crossing formula in percola-
tion [124] has been derived rigorously by J. Dubédat [125,126]; the construction
from SLE6 of the full scaling limit of cluster loops in percolation has been re-
cently achieved by F. Camia and C. Newman [127–129], V. Beffara has recently
discovered a simplification of parts of Smirnov’s original proof for the triangu-
lar lattice [130], while trying to generalize it to other lattices [131]. It is also
possible that the lines of zero vorticity in 2D turbulence are intimately related to
percolation cluster boundaries [132].
Another proof has been given of the convergence of the scaling limit of loop-
erased random walks to SLE(κ = 2) [133]. The model of the “harmonic ex-
plorer” has been shown to converge to SLE(κ = 4) [134]. S. Smirnov seems to
have been able very recently to prove that the critical Ising model corresponds to
SLE3, as expected9 [135].
Conformal loop ensembles have recently gained popularity. The “Brownian
loop soup” has been introduced [136, 137], such that SLE curves are recovered
as boundaries of clusters of such loops [138, 139].
Defining SLE or conformally invariant scaling curves on multiply-connected
planar domains is an active subject of research [140–143]. Correlation functions
of the stress-energy tensor, a main object in CFT, has been described in terms of
some probabilities for the SLE process [144].
The Airy distribution for the area of self-avoiding loops has been found in
theoretical physics by J. Cardy [145], (see also [146–148]), while the expected
area of the regions of a given winding number inside the Brownian loop has been
obtained recently by C. Garban and J. Trujillo Ferreras [149] (see also [150]).
The conformally invariant measure on self-avoiding loops has been constructed
recently [151], and is described in Werrner’s lectures.
Gaussian free fields and their level sets, which play a fundamental role in the
Solid-On-Solid representation of 2D statistical models, are currently investigated
in mathematics [152]. The interface of the discrete Gaussian free field has been
shown to converge to SLE4 [153]. When a relation between winding and height
is imposed, reminiscent of a similar one in Ref. [34], other values of κ are reached
9Ilia Binder, private communication.
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[154].
The multifractal harmonic spectrum, originally derived in Ref. [90] by QG,
has been recovered by more standard CFT [155]. The rigorous mathematical so-
lution to the mixed multifractal spectrum of SLE has been obtained very recently
in collaboration with Ilia Binder [156] (see also [157]).
On the side of quantum gravity and statistical mechanics, boundary correlators
in 2D QG, which were originally calculated via the Liouville field theory [158,
159], and are related to our quantum gravity approach, have been recovered from
discrete models on a random lattice [160, 161]. In mathematics, progress has
been made towards a continuum theory of random planar graphs [162], also in
presence of percolation [163, 164]. Recently, powerful combinatorial methods
have entered the same field [165–168]. However, the KPZ relation has as yet
eluded a rigorous approach. It would be worth studying further the relationship
between SLE and Liouville theories.
The Coulomb gas approach is still invaluable for discovering and analyzing
the proper statistical models relevant to a given critical phenomenon. An example
is that of the tricritical point of the O(N) model, recently elucidated by Guo,
Nienhuis and Blöte [169]. (See also [40, 170].)
Readers interested in general surveys of the SLE in relation to statistical me-
chanics are referred to Refs. [1, 5–7].
2.6. Synopsis
The aim of the present Notes is to give a comprehensive description of conformal-
ly-invariant fractal geometry, and of its underlying quantum gravity structure. In
particular, we show how the repeated use of KPZ maps between the critical expo-
nents in the complex plane C and those in quantum gravity allows the determina-
tion of a very large class of critical exponents arising in planar critical statistical
systems, including the multifractal ones, and their reduction to simple irreducible
elements. Within this unifying perspective, we cover many well-recognized geo-
metrical models, like RW’s or SAW’s and their intersection properties, Potts and
O(N) models, and the multifractal properties thereof.
We also adapt the quantum gravity formalism to the SLEκ process, revealing
there a hidden algebraic duality in the KPZ map itself, which in turn translates
into the geometrical κ → κ′ = 16/κ duality between simple and non-simple
SLE traces. This KPZ algebraic duality also explains the duality which exists
within the class of Potts and O(N) models between hulls and external frontiers.
In section 3 we first establish the values of the intersection exponents of ran-
dom walks or Brownian paths from quantum gravity. In section 4 we then move
to the critical properties of arbitrary sets mixing simple random walks or Brown-
ian paths and self-avoiding walks, with arbitrary interactions thereof.
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Section 5 deals with percolation. The QG method is illustrated in the case
of path crossing exponents and multifractal dimensions for percolation clusters.
This completes the description of the universality class of central charge c = 0.
We address in section 6 the general solution for the multifractal potential dis-
tribution near any conformal fractal in 2D, which allows one to determine the
Hausdorff dimension of the frontier. The multifractal spectra depend only on the
central charge c, which labels the universality class of the underlying CFT.
Another feature is the consideration in section 7 of higher multifractality,
which occurs in a natural way in the joint distribution of potential on both sides
of a random CI scaling path (or more generally, in the distribution of potential
between the branches of a star made of an arbitrary number of CI paths). The
associated universal multifractal spectrum then depends on several variables.
Section 8 describes the more subtle mixed multifractal spectrum associated
with the local rotations and singularities along a conformally-invariant curve, as
seen by the harmonic measure [108, 109]. Here quantum gravity and Coulomb
gas techniques must be fused.
Section 9 focuses on theO(N) and Potts models, on the SLEκ, and on the cor-
respondence between them. This is exemplified for the geometric duality existing
between their cluster frontiers and hulls. The various Hausdorff dimensions of
O(N) lines, Potts cluster boundaries, and SLE’s traces are given.
Conformally invariant paths have quite different critical properties and obey
different quantum gravity rules, depending on whether they are simple paths or
not. The next sections are devoted to the elucidation of this difference, and its
treatment within a unified framework.
A fundamental algebraic duality which exists in the KPZ map is studied in
section 10, and applied to the construction rules for critical exponents associated
with non-simple paths versus simple ones. These duality rules are obtained from
considerations of quantum gravity.
We then construct an extended KPZ formalism for the SLEκ process, which
is valid for all values of the parameter κ. It corresponds to the usual KPZ for-
malism for κ ≤ 4 (simple paths), and to the algebraic dual one for κ > 4 (non-
simple paths). The composition rules for calculating critical exponents involving
multiple random paths in the SLE process are given, as well as short-distance
expansion results where quantum gravity emerges in the complex plane. The de-
scription of SLE(κ, ρ) in terms of quantum gravity is also given. The exponents
for multiple SLE’s, and the equivalent ones forO(N) and Potts models are listed.
Finally, the extended SLE quantum gravity formalism is applied to the cal-
culation of all harmonic measure exponents near multiple SLE traces, near a
boundary or in open space.
Supplementary material can be found in a companion article [1], or in the ex-
tended version of these Notes. An Appendix there details the calculation, in quan-
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Fig. 3. Non-intersecting planar random walks crossing an annulus from r to R, or a half-annulus in
the half-plane H.
tum gravity, of non-intersection exponents for Brownian paths or self-avoiding
walks. Another Appendix establishes the general relation between boundary and
bulk exponents in quantum gravity, as well as the boundary additivity rules. They
follow from a fairly universal structure of correlation functions in quantum grav-
ity. These QG relations are actually sufficient to determine all exponents without
further calculations. The example of the O(N) model exponents is described in
detail in Ref. [1] (Appendix B).
The quantum gravity techniques used here are perhaps not widely known in
the statistical mechanics community at-large, since they originally belonged to
string or random matrix theory. These techniques, moreover, are not yet within
the realm of rigorous mathematics. However, the correspondence extensively
used here, which exists between scaling laws in the plane and on a random Rie-
mann surface, appears to be fundamental and, in my opinion, illuminates many of
the geometrical properties of conformally-invariant random curves in the plane.
3. INTERSECTIONS OF RANDOM WALKS
3.1. Non-Intersection Probabilities
Planar Case
Let us first define the so-called (non-)intersection exponents for random walks or
Brownian motions. While simpler than the multifractal exponents considered
above, in fact they generate the latter. Consider a number L of independent
random walks B(l), l = 1, · · · , L in Z2 (or Brownian paths in R2 = C), starting
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at fixed neighboring points, and the probability
PL (t) = P
{
∪Ll, l′=1, l 6=l′(B(l)[0, t] ∩B(l
′)[0, t]) = ∅
}
, (3.1)
that the intersection of their paths up to time t is empty [15, 18]. At large times
one expects this probability to decay as
PL (t) ≈ t−ζL , (3.2)
where ζL is a universal exponent depending only on L. Similarly, the probability
that the Brownian paths altogether traverse the annulus D (r, R) in C from the
inner boundary circle of radius r to the outer one at distance R (Fig. 3) scales as
PL (R) ≈ (r/R)2ζL , (3.3)
These exponents can be generalized to d dimensions. Above the upper critical
dimension d = 4, RW’s almost surely do not intersect and ζL (d ≥ 4) = 0. The
existence of exponents ζL in d = 2, 3 and their universality have been proven
[75], and they can be calculated near d = 4 by renormalization theory [18].
Boundary Case
A generalization was introduced for L walks constrained to stay in the half-plane
H with Dirichlet boundary conditions on ∂H , and starting at neighboring points
near the boundary [73]. The non-intersection probability P˜L (t) of their paths is
governed by a boundary critical exponent ζ˜L such that
P˜L (t) ≈ t−ζ˜L . (3.4)
One can also consider the probability that the Brownian paths altogether traverse
the half-annulusD (r, R) in H, centered on the boundary line ∂H, from the inner
boundary circle of radius r to the outer one at distance R (Fig. 3). It scales as
P˜L (R) ≈ (r/R)2ζ˜L . (3.5)
“Watermelon” Correlations
Another way to access these exponents consists in defining an infinite measure on
mutually-avoiding Brownian paths. For definiteness, let us first consider random
walks on a lattice, and “watermelon” configurations in which L walks B(l)ij , l =
1, ..., L, all started at point i, are rejoined at the end at a point j, while staying
mutually-avoiding in between. Their correlation function is then defined as [73]
ZL =
∑
B
(ℓ)
ij
l=1,...,L
µRW
−|B| ∝ |i− j|−4ζL , (3.6)
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where a critical fugacityµ−1RW is associated with the total number |B| =
∣∣∪Ll=1B(l)∣∣
of steps of the walks. When µRW is equal to the lattice connectivity constant (e.g.,
4 for the square lattice Z2), the corresponding term exactly counterbalances the
exponential growth of the number of configurations. The correlator then decays
with distance as a power law governed by the intersection exponent ζL.
In the continuum limit one has to let the paths start and end at distinct but
neighboring points (otherwise they would immediately re-intersect), and this cor-
relation function then defines an infinite measure on Brownian paths. (See the
Lecture Notes by W. Werner.)
An entirely similar boundary correlator Z˜L can be defined, where the L paths
are constrained to start and end near the Dirichlet boundary. It then decays as a
power law: Z˜L ∝ |i− j|−2ζ˜L , where now the boundary exponent ζ˜L appears.
Conformal Invariance and Weights
It was first conjectured from conformal invariance arguments and numerical sim-
ulations that in two dimensions [73]
ζL = h
(c=0)
0,L =
1
24
(
4L2 − 1) , (3.7)
and for the half-plane
2ζ˜L = h
(c=0)
1,2L+2 =
1
3
L (1 + 2L) , (3.8)
where h(c)p,q denotes the Kacˇ conformal weight
h(c)p,q =
[(m+ 1)p−mq]2 − 1
4m (m+ 1)
, (3.9)
of a minimal conformal field theory of central charge c = 1 − 6/[m (m+ 1)],
m ∈ N∗ [20]. For Brownian motions c = 0, and m = 2.
Disconnection Exponent
A discussion of the intersection exponents of random walks a priori requires a
number L ≥ 2 of them. Nonetheless, for L = 1, the exponent has a mean-
ing: the non-trivial value ζ1 = 1/8 actually gives the disconnection exponent
governing the probability that an arbitrary point near the origin of a single Brow-
nian path remains accessible from infinity without the path being crossed, hence
stays connected to infinity. On a Dirichlet boundary, ζ˜1 retains its standard value
ζ˜1 = 1, which can be derived directly, e.g., from the Green function formalism.
It corresponds to a path extremity located on the boundary, which always stays
accessible due to Dirichlet boundary conditions.
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Fig. 4. A random planar triangulated lattice. (Courtesy of Ivan Kostov.)
3.2. Quantum Gravity
Preamble
To derive the intersection exponents above, the idea [83] is to map the original
random walk problem in the plane onto a random lattice with planar geometry, or,
in other words, in presence of two-dimensional quantum gravity [56]. The key
point is that the random walk intersection exponents on the random lattice are
related to those in the plane. Furthermore, the RW intersection problem can be
solved in quantum gravity. Thus, the exponents ζL (Eq. (3.7)) and ζ˜L (Eq. (3.8))
in the standard complex plane or half-plane are derived from this mapping to a
random lattice or Riemann surface with fluctuating metric.
Introduction
Random surfaces, in relation to string theory [171], have been the subject and
source of important developments in statistical mechanics in two dimensions. In
particular, the discretization of string models led to the consideration of abstract
random lattices G, the connectivity fluctuations of which represent those of the
metric, i.e., pure 2D quantum gravity [172]. An example is given in figure 4.
As is nowadays well-known, random (planar) graphs are in close relation to
random (large) matrix models. Statistical ensembles of random matrices of large
sizes have been introduced in 1951 by E. Wigner in order to analyze the statistics
of energy levels of heavy nuclei [173], leading to deep mathematical develop-
ments [174–177].
In 1974, G. ’t Hooft discovered the so-called 1/N expansion in QCD [178]
and its representation in terms of planar diagrams. This opened the way to solving
various combinatorial problems by using random matrix theory, the simplest of
which is the enumeration of planar graphs [179], although this had been done
earlier by W. T. Tutte by purely combinatorial methods [180]. Planarity then
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Fig. 5. A set of random lines on the regular triangular lattice and its counterpart on the random
triangular lattice. (Courtesy of I. K.)
corresponds to the large-N limit of a N ×N Hermitian matrix theory.
An further outstanding idea was to redefine statistical mechanics on random
planar lattices, instead of doing statistical mechanics on regular lattices [55]. One
can indeed put any 2D statistical model (e.g., Ising model [55], self-avoiding
walks [58], or O(N) loop model [59–61]) on a random planar graph G (figure
5). A new critical behavior will emerge, corresponding to the confluence of the
criticality of the infinite random surface G with the critical point of the original
model.
It is also natural to consider boundary effects by introducing random graphs
with the disk topology, which may bear a statistical model (e.g., a set of random
loops as despicted in Figure 6). An interesting boundary (doubly) critical behav-
ior of the statistical model in presence of critical fluctuations of the metric can
then be expected.
Another outstanding route was also to use ’t Hooft’s 1/N expansion of random
matrices to generate the topological expansion over random Riemann surfaces in
terms of their genus [181].
All these developments led to a vast scientific literature, which of course can
not be quoted here in its entirety! For a detailed introduction, the reader is re-
ferred to the 1993 Les Houches or Altenberg lectures by F. David [182, 183], to
the 2001 Saclay lectures by B. Eynard [184], and to the monograph by J. Amb-
jorn et al. [185]. Among more specialized reviews, one can cite those by G. ’t
Hooft [186], by Di Francesco et al. [187] and by I. Kostov [188].
The subject of random matrices is also widely studied in mathematics. In
relation to the particular statistical mechanics purpose of describing (infinite)
critical random planar surfaces, let us simply mention here the rigorous existence
of a measure on random planar graphs in the thermodynamical limit [162].
Let us finally mention that powerful combinatorial methods have been devel-
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Fig. 6. A set of random loops near the bounday of a randomly triangulated disk. (Courtesy of I. K.)
opped recently, where planar graph ensembles have been shown to be in bijection
with random trees with various adornments [165], leading to an approach alter-
native to that by random matrices [166–168].
A brief tutorial on the statistical mechanics of random planar lattices and their
relation to random matrix theory, which contains the essentials required for un-
derstanding the statistical mechanics arguments presented here, can be found in
Refs. [182, 183].
KPZ Relation
The critical system “dressed by gravity” has a larger symmetry under diffeomor-
phisms. This allowed Knizhnik, Polyakov, and Zamolodchikov (KPZ) [56] (see
also [57]) to establish the existence of a fundamental relation between the con-
formal dimensions ∆(0) of scaling operators in the plane and those in presence
of gravity, ∆:
∆(0) = Uγ(∆) = ∆
∆− γ
1− γ , (3.10)
where γ, the string susceptibility exponent, is related to the central charge of the
statistical model in the plane:
c = 1− 6γ2/ (1− γ) , γ ≤ 0. (3.11)
The same relation applies between conformal weights ∆˜(0) in the half-plane H
and ∆˜ near the boundary of a disk with fluctuating metric:
∆˜(0) = Uγ
(
∆˜
)
= ∆˜
∆˜− γ
1− γ . (3.12)
For a minimal model of the series (3.9), γ = −1/m, and the conformal
weights in the plane C or half-plane H are ∆(0)p,q := h(c)p,q.
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Fig. 7. A randomly triangulated surface and its natural dual graph made of of “ϕ3” trivalent vertices.
The set of random loops illustrates the possiblity to define an arbitrary statistical model on the trivalent
graph. (Courtesy of I. K.)
Random Walks in Quantum Gravity
Let us now consider as a statistical model random walks on a random graph. We
know [73] that the central charge c = 0, whence m = 2, γ = −1/2. Thus the
KPZ relation becomes
∆(0) = Uγ=−1/2 (∆) =
1
3
∆ (1 + 2∆) := U(∆), (3.13)
which has exactly the same analytical form as equation (3.8)! Thus, from this
KPZ equation one infers that the conjectured planar Brownian intersection ex-
ponents in the complex plane C (3.7) and in H (3.8) must be equivalent to the
following Brownian intersection exponents in quantum gravity:
∆L =
1
2
(
L− 1
2
)
, (3.14)
∆˜L = L. (3.15)
Let us now sketch the derivation of these quantum gravity exponents [83]. A
more detailed argument can be found in Ref. [1].
3.3. Random Walks on a Random Lattice
Random Graph Partition Function
For definiteness, consider the set of planar random graphs G, built up with, e.g.,
“ϕ3”-like trivalent vertices tied together in a random way (Fig. 7). By duality,
they form the set of dual graphs of the randomly triangulated planar lattices con-
sidered before.
The topology is fixed here to be that of a sphere (S) or a disk (D). The
partition function of planar graphs is defined as
Z(β, χ) =
∑
G(χ)
1
S(G)
e−β|G|, (3.16)
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where χ denotes the fixed Euler characteristic of graph G; χ = 2 (S) , 1 (D);
|G| is the number of vertices of G, S (G) its symmetry factor (as an unlabelled
graph).
The partition function of trivalent random planar graphs is generated in a Her-
mitian M -matrix theory with a cubic interaction term e−βTrM3. In particular,
the combinatorial weights and symmetry factors involved in the definition of par-
tition function (3.16) can be properly understood from that matrix representation
(see, e.g., [182, 183]).
The partition sum converges for all values of the parameter β larger than some
critical βc. At β → β+c , a singularity appears due to the presence of infinite
graphs in (3.16)
Z (β, χ) ≃ reg. part + (β − βc)2−γstr(χ) , (3.17)
where γstr(χ) is the string susceptibility exponent, which depends on the topol-
ogy of G through the Euler characteristic. For pure gravity as described in
(3.16), the embedding dimension d = 0 coincides with the central charge c = 0,
and [189]
γstr(χ) = 2− 5
4
χ, (c = 0). (3.18)
In particular γstr(2) = − 12 for the spherical topology, and γstr(1) = 34 . The
string susceptibility exponent appearing in KPZ formula (3.10) is the planar one
γ = γstr(χ = 2).
A particular partition function will play an important role later, that of the
doubly punctured sphere. It is defined as
Z[ ] :=
∂2
∂β2
Z(β, χ = 2) =
∑
G(χ=2)
1
S(G)
|G|2 e−β|G|. (3.19)
Owing to (3.17) it scales as
Z[ ] ∼ (β − βc)−γstr(χ=2) . (3.20)
The restricted partition function of a planar random graph with the topology of
a disk and a fixed number n of external vertices (Fig. 8),
Gn(β) =
∑
n−leg planar G
e−β|G|, (3.21)
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Gn
Fig. 8. A planar random disk with n external legs.
can be calculated through the large−N limit in the random N ×N matrix theory
[179]. It has the integral representation
Gn (β) =
∫ b
a
dλ ρ (λ, β) λn, (3.22)
where ρ (λ, β) is the spectral eigenvalue density of the random matrix, for which
the explicit expression is known as a function of λ, β [179]. The support [a, b] of
the spectral density depends on β. For the cubic potential e−βTrM3 the explicit
solution is of the form (see, e.g., [183])
ρ(λ, β) =
√
[λ− a(β)][b(β) − λ] (c(β) − λ) : a(β) < b(β) ≤ c(β),
(3.23)
and is analytic in β as long as β is larger than the critical value βc. At this critical
point b(βc) = c(βc). As long as β > βc, the density vanishes like a square root at
endpoint b: ρ(λ, β) ∝ [b(β)− λ]1/2. At βc, the density has the universal critical
behavior:
ρ(λ, βc) ∝ [b(βc)− λ]3/2. (3.24)
Random Walk Partition Functions
Let us now consider a set of L random walks B = {B(l)ij , l = 1, ..., L} on the
random graph G with the special constraint that they start at the same vertex
i ∈ G, end at the same vertex j ∈ G, and have no intersections in between. We
introduce the L-walk partition function on the random lattice [83]:
ZL(β, z) =
∑
planar G
1
S(G)
e−β|G|
∑
i,j∈G
∑
B
(l)
ij
l=1,...,L
z|B|, (3.25)
where a fugacity z is associated with the total number |B| = ∣∣∪Ll=1B(l)∣∣ of ver-
tices visited by the walks (Fig. 9). This partition function is the quantum gravity
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Fig. 9. L = 3 mutually-avoiding random walks on a random sphere or traversing a random disk.
analogue of the correlator, or infinite measure (3.6), defined in the standard plane.
RW Boundary Partition Functions
We generalize this to the boundary case where G now has the topology of a disk
and where the random walks connect two sites i and j on the boundary ∂G :
Z˜L(β, β˜, z) =
∑
disk G
e−β|G|e−β˜|∂G|
∑
i,j∈∂G
∑
B
(l)
ij
l=1,...,L
z|B|, (3.26)
where e−β˜ is the fugacity associated with the boundary’s length (Fig. 9).
The double grand canonical partition functions (3.25) and (3.26) associated
with non-intersecting RW’s on a random lattice can be calculated exactly [83].
One in particular uses an equivalent representation of the random walks by their
forward (or backward) trees, which are trees uniformly spanning the sets of vis-
ited sites. This turns the RW’s problem into the solvable one of random trees on
random graphs (see, e.g., [58]).
Random Walks and Representation by Trees
Consider the set B(l) [i, j] of the points visited on the random graph by a given
walk B(l) between i and j, and for each site k ∈ B(l) [i, j] the first entry, i.e.,
the edge of G along which the walk (l) reached k for the first time. The union
of these edges form a tree T (l)i,j spanning all the sites of B(l) [i, j], called the for-
ward tree. An important property is that the measure on all the trees spanning
a given set of points visited by a RW is uniform [190]. This means that we can
also represent the path of a RW by its spanning tree taken with uniform prob-
ability. Furthermore, the non-intersection property of the walks is by definition
equivalent to that of their spanning trees.
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Fig. 10. L = 3 mutually-avoiding random trees on a random sphere or traversing a random disk.
Bulk Tree Partition Function
One introduces the L-tree partition function on the random lattice (Fig. 10)
ZL(β, z) =
∑
planar G
1
S(G)
e−β|G|
∑
i,j∈G
∑
T
(l)
ij
l=1,...,L
z|T |, (3.27)
where
{
T
(l)
ij , l = 1, · · · , L
}
is a set of L trees, all constrained to have sites i
and j as end-points, and without mutual intersections; a fugacity z is in addition
associated with the total number |T | = ∣∣∪Ll=1T (l)∣∣ of vertices of the trees. In
principle, the trees spanning the RW paths can have divalent or trivalent vertices
on G, but this is immaterial to the critical behavior, as is the choice of purely
trivalent graphs G, so we restrict ourselves here to trivalent trees.
Boundary Partition Functions
We generalize this to the boundary case where G now has the topology of a disk
and where the trees connect two sites i and j on the boundary ∂G (Fig. 10)
Z˜L(β, z, z˜) =
∑
disk G
e−β|G|z˜|∂G|
∑
i,j∈∂G
∑
T
(l)
ij
l=1,...,L
z|T |, (3.28)
where z˜ ≡ e−β˜ is the fugacity associated with the boundary’s length.
The partition function of the disk with two boundary punctures will play an
important role. It is defined as
Z( ) =
∑
disk G
e−β|G|z˜|∂G| |∂G|2 (3.29)
= Z˜L=0(β, z˜),
and formally corresponds to the L = 0 case of the L-tree boundary partition
functions (3.28).
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Fig. 11. Random trees on a random surface. The shaded areas represent portions of random lattices
G with a disk topology (generating function (3.21,3.22)); L = 2 trees connect the end-points, each
branch giving a generating function T (3.30). Two possible topologies are represented: for the disk,
the dashed lines represent the boundary, whereas for the sphere the top and bottom dashed lines
should be identified with one another, as should the upper and lower grey patches.
Integral Representation
The partition function (3.27) has been calculated exactly [58], while (3.28) was
first considered in Ref. [83]. The twofold grand canonical partition function is
calculated first by summing over the abstract tree configurations, and then gluing
patches of random lattices in between these trees. The rooted-tree generating
function is defined as T (x) =
∑
n≥1 x
nTn, where T1 ≡ 1 and Tn is the number
of rooted planar trees with n external vertices (excluding the root). It reads [58]
T (x) =
1
2
(1 −√1− 4x). (3.30)
The result for (3.27) is then given by a multiple integral:
ZL(β, z) =
∫ b
a
L∏
l=1
dλl ρ(λl, β)
L∏
l=1
T (zλl, zλl+1), (3.31)
with the cyclic condition λL+1 ≡ λ1. The geometrical interpretation is quite
clear (Fig. 11). Each patch l = 1, · · · , L of random surface between trees T (l−1),
T (l) contributes as a factor a spectral density ρ (λl) as in Eq. (3.22), while the
backbone of each tree T (l) contributes an inverse “propagator” T (zλl, zλl+1) ,
which couples the eigenvalues λl, λl+1 associated with the two patches adjacent
to T (l):
T (x, y) := [1− T (x)− T (y)]−1. (3.32)
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The integral representation of the boundary partition function (3.28) is
Z˜L(β, z, z˜) =
∫ b
a
L+1∏
l=1
dλl ρ(λl, β)
L∏
l=1
T (zλl, zλl+1)
×(1− z˜λ1)−1(1− z˜λL+1)−1, (3.33)
with two extra propagatorsL describing the two boundary segments:
L(z˜λ) := (1− z˜λ)−1. (3.34)
This gives for the two-puncture disk partition function (3.29)
Z( ) =
∫ b
a
dλ ρ(λ, β) (1 − z˜λ)−2. (3.35)
Symbolic Representation
The structure of ZL (3.31) and Z˜L (3.33) can be represented by using the sug-
gestive symbolic notation
ZL ∼
(∫
dλ ρ
)L
⋆ T L, Z˜L ∼
(∫
dλ ρ
)L+1
⋆ T L ⋆ L2, (3.36)
where the ⋆ symbol represents both the factorized structure of the integrands
and the convolution structure of the integrals. The formal powers also represent
repeated ⋆ operations. This symbolic notation is useful for the scaling analysis
of the partition functions. Indeed the structure of the integrals reveals that each
factorized component brings in its own contribution to the global scaling behavior
[1]. Hence the symbolic star notation directly translates into power counting,
in a way which is reminiscent of standard power counting for usual Feynman
diagrams.
One can thus write the formal power behavior
ZL ∼
(∫
dλ ρ ⋆ T
)L
, Z˜L ∼
(∫
dλ ρ ⋆ T
)L
⋆
∫
dλ ρ ⋆ L2. (3.37)
This can be simply recast as
Z˜L ∼ ZL ⋆
∫
dλ ρ ⋆ L2. (3.38)
Notice that the last two factors precisely correspond to the scaling of the two-
puncture boundary partition function (3.35)
Z( ) = Z˜0 ∼
∫
dλ ρ ⋆ L2. (3.39)
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Scaling Laws for Partition Functions
The critical behavior of partition functions ZL and Z˜L is characterized by the
existence of critical values of the parameters, βc where the random lattice size
diverges, zc where the number of sites visited by the random walks also diverges,
and z˜c where the boundary length diverges.
The analysis of singularities in the explicit expressions (3.31) and (3.33) can
be performed by using the explicit propagators T (3.32) & (3.30), L (3.34),
and the critical behavior (3.24) of the eigenvalue density ρ(λ, βc) of the ran-
dom matrix theory representing the random lattice. One sees in particular that
zc = 1/2b(βc) and z˜c = 1/b(βc).
The critical behavior of the bulk partition function ZL (β, z) is then obtained
by taking the double scaling limit β → β+c (infinite random surface) and z → z−c
(infinite RW’s or trees), such that the average lattice and RW’s sizes respectively
scale as 10
|G| ∼ (β − βc)−1, |B| ∼ |T | ∼ (zc − z)−1. (3.40)
We refer the reader to Appendix A in Ref. [1] for a detailed analysis of the sin-
gularities of multiple integrals (3.31) and (3.33). One observes in particular that
the factorized structure (3.37) corresponds precisely to the factorization of the
various scaling components.
The analysis of the singular behavior is performed by using finite-size scaling
(FSS) [58], where one must have
|B| ∼ |T | ∼ |G| 12 ⇐⇒ zc − z ∼ (β − βc)1/2.
One obtains in this regime the global scaling of the full partition function [1,83]:
ZL (β, z) ∼ (β − βc)L ∼ |G|−L. (3.41)
Notice that the presence of a global power L was expected from the factorized
structure (3.37).
The interpretation of partition function ZL in terms of conformal weights is
the following: It represents a random surface with two punctures where two con-
formal operators, of conformal weights ∆L, are located (here two vertices of L
non-intersecting RW’s or trees). Using a graphical notation, it scales as
ZL ∼ Z[ ] × |G|−2∆L , (3.42)
where the partition function of the doubly punctured surface is the second deriva-
tive of Z(β, χ = 2) (3.19):
Z[ ] =
∂2
∂β2
Z(β, χ = 2). (3.43)
10Hereafter averages or expectation values like 〈|G|〉 are simply denoted by |G|.
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From (3.20) we find
ZL ∼ |G|γstr(χ=2)−2∆L . (3.44)
Comparing the latter to (3.41) yields
2∆L − γstr(χ = 2) = L, (3.45)
where we recall that γstr(χ = 2) = −1/2. We thus get the first announced result
∆L =
1
2
(
L− 1
2
)
. (3.46)
Boundary Scaling & Boundary Conformal Weights
For the boundary partition function Z˜L (3.33) a similar analysis can be performed
near the triple critical point (βc, z˜c = 1/b(βc), zc), where the boundary length
also diverges. One finds that the average boundary length |∂G| must scale with
the area |G| in a natural way (see Appendix A in Ref. [1])
|∂G| ∼ |G|1/2. (3.47)
The boundary partition function Z˜L corresponds to two boundary operators of
conformal weights ∆˜L, integrated over the boundary ∂G, on a random surface
with the topology of a disk. In terms of scaling behavior we write:
Z˜L ∼ Z( )× |∂G|−2∆˜L , (3.48)
using the graphical representation of the two-puncture partition function (3.29).
Bulk-Boundary Relation
The star representation in Eqs. (3.38) and (3.39) is strongly suggestive of a scal-
ing relation between bulk and boundary partition functions. From the exact ex-
pressions (3.31), (3.33) and (3.35) of the various partition functions, and the pre-
cise analysis of their singularities (see Appendix A in Ref. [1]), one indeed gets
the further scaling equivalence:
ZL ∼ Z˜L
Z( )
, (3.49)
where the equivalence holds true in terms of scaling behavior. It intuitively means
that carving away from the L-walk boundary partition function the contribution
of one connected domain with two boundary punctures brings one back to the
L-walk bulk partition function.
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Comparing Eqs. (3.48), (3.49), and (3.44), and using the FSS (3.47) gives
∆˜L = 2∆L − γstr(χ = 2). (3.50)
This relation between bulk and Dirichlet boundary behaviors in quantum gravity
is quite general [1] and will also play a fundamental role in the study of other crit-
ical systems in two dimensions. A general derivation can be found in Appendix
C of Ref. [1].
From (3.46) we finally find the second announced result:
∆˜L = L. (3.51)
Applying the quadratic KPZ relation (3.13) to ∆L (3.46) and ∆˜L (3.51) above
finally yields the values in the plane C or half-plane H
ζL = Uγ=−1/2 (∆L) =
1
24
(
4L2 − 1)
2ζ˜L = Uγ=−1/2
(
∆˜L
)
=
1
3
L (1 + 2L) ,
as announced.
3.4. Non-Intersections of Packets of Walks
Definition
r
R
Fig. 12. Packets of n1 = 3, n2 = 3, and n3 = 2 independent planar random walks, in a mutually-
avoiding star configuration, and crossing an annulus from r to R.
Consider configurations made of L mutually-avoiding bunches l = 1, · · · , L,
each of them made of nl walks transparent to each other, i.e., nl independent
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RW’s [81]. All of them start at neighboring points (Fig. 12). The probability of
non-intersection of the L packets up to time t scales as
Pn1,··· ,nL(t) ≈ t−ζ(n1,··· ,nL), (3.52)
and near a Dirichlet boundary (Fig. 13)
P˜n1,··· ,nL(t) ≈ t−ζ˜(n1,··· ,nL). (3.53)
The original case of L mutually-avoiding RW’s corresponds to n1 = · · · = nL =
1. Accordingly, the probability for the same L Brownian path packets to cross
the annulusD(r, R) in C (Fig. 12) scales as
Pn1,··· ,nL(r) ≈ (r/R)2ζ(n1,··· ,nL) , (3.54)
and, near a Dirichlet boundary in H (Fig. 13), as
P˜n1,··· ,nL(r) ≈ (r/R)2ζ˜(n1,··· ,nL) . (3.55)
The generalizations of former exponents ζL, as well as ζ˜L, describing these L
packets can be written as conformal weights
ζ(n1, · · · , nL) = ∆(0) {nl}
in the plane C, and
2ζ˜(n1, · · · , nL) = ∆˜(0) {nl}
in the half-plane H. They can be calculated from quantum gravity, via their
conterparts ∆ {nl} and ∆˜ {nl}. The details are given in [1] (Appendix A). We
sketch here the main steps.
Boundary Case
One introduces the analogue Z˜ {n1, · · · , nL} of partition function (3.26) for the
L packets of walks. In presence of gravity each bunch contributes its own nor-
malized boundary partition function as a factor, and this yields a natural general-
ization of the scaling equation (3.49) (see Appendix A in Ref. [1])
Z˜ {n1, · · · , nL}
Z( )
∼
L∏
l=1
⋆
{
Z˜ (nl)
Z( )
}
, (3.56)
where the star product is to be understood as a scaling equivalence. Given the
definition of boundary conformal weights (see (3.48)), the normalized left-hand
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r
R
Fig. 13. Packets of n1 = 3, and n2 = 2 independent random walks, in a mutually-avoiding star
configuration, and crossing the half-annulus from r to R in the half-plane H.
fraction is to be identified with |∂G|−2∆˜{n1,··· ,nL}, while each normalized fac-
tor Z˜ (nl) /Z( ) is to be identified with |∂G|−2∆˜(nl). Here ∆˜(n) is the
boundary dimension of a single packet of n mutually transparent walks on the
random surface. The factorization property (3.56) therefore immediately implies
the additivity of boundary conformal dimensions in presence of gravity
∆˜ {n1, · · · , nL} =
L∑
l=1
∆˜(nl). (3.57)
In the standard plane C, a packet of n independent random walks has a trivial
r
R n(  )= -1n(  )U∆∼
∼
nn(  )=ζ
Fig. 14. A packet of n independent random walks and its boundary conformal dimensions in the
half-plane, ζ˜(n) ≡ ∆˜(0)(n) = n, and in quantum gravity, ∆˜(n) = U−1
γ=−1/2
(n).
boundary conformal dimension ∆˜(0)(n) = n∆˜(0)(1) = n, since for a single
walk ∆˜(0)(1) = 1, as can be seen using the Green function formalism. We
therefore know ∆˜(n) exactly, since it suffices to take the positive inverse of the
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KPZ map (3.13) to get (figure 14)
∆˜(n) = U−1γ=−1/2(n) =
1
4
(
√
24n+ 1− 1). (3.58)
One therefore finds:
∆˜ {n1, · · · , nL} =
L∑
l=1
U−1γ=−1/2(nl) =
L∑
l=1
1
4
(
√
24nl + 1− 1). (3.59)
Relation to the Bulk
Fig. 15. In quantum gravity, conformal weights ∆ {n1, · · · , nL} for non-intersecting packets in the
bulk (left) and ∆˜ {n1, · · · , nL} near a boundary (right) are related by equation (3.61).
One similarly defines for L mutually-avoiding packets of n1, · · · , nL inde-
pendent walks the generalization Z {n1, · · · , nL} of the bulk partition function
(3.25) for L walks on a random sphere. One then establishes on a random sur-
face the identification, similar to (3.49), of this bulk partition function with the
normalized boundary one (see Ref. [1], Appendix A):
Z {n1, · · · , nL} ∼ Z˜ {n1, · · · , nL}
Z( )
. (3.60)
By definition of quantum conformal weights, the left-hand term of (3.60) scales
as |G|−2∆{n1,··· ,nL}+γstr(χ=2), while the right-hand term scales, as written above,
as |∂G|−2∆˜{n1,··· ,nL}. Using the area to perimeter scaling relation (3.47), we
thus get the identity existing in quantum gravity between bulk and boundary con-
formal weights, similar to (3.45):
2∆ {n1, · · · , nL} − γstr(χ = 2) = ∆˜ {n1, · · · , nL} , (3.61)
with γstr(χ = 2) = − 12 for pure gravity.
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Back to the Complex Plane
In the plane, using once again the KPZ relation (3.13) for ∆˜ {nl} and ∆ {nl},
we obtain the general results [83]
2ζ˜(n1, · · · , nL) = ∆˜(0){n1, · · · , nL} = U
(
∆˜ {n1, · · · , nL}
)
ζ(n1, · · · , nL) = ∆(0){n1, · · · , nL} = U (∆ {n1, · · · , nL}) ,
where we set U := Uγ=−1/2. One can finally write, using (3.58) and (3.59)
2ζ˜(n1, · · · , nL) = U(x) = 1
3
x(1 + 2x) (3.62)
ζ(n1, · · · , nL) = V (x) := U
[
1
2
(
x− 1
2
)]
=
1
24
(4x2 − 1), (3.63)
x =
L∑
l=1
U−1(nl) =
L∑
l=1
1
4
(
√
24nl + 1− 1). (3.64)
Lawler and Werner first established the existence of two functions U and V sat-
isfying the “cascade relations” (3.62-3.64) by purely probabilistic means, using
the geometrical conformal invariance of Brownian motion [82]. The quantum
gravity approach explained this structure by the linearity of boundary quantum
gravity (3.57, 3.59), and yielded the explicit functions U and V as KPZ maps
(3.62–3.63) [83]. The same expressions for these functions have later been de-
rived rigorously in probability theory from the equivalence to SLE6 [96].
Particular Values and Mandelbrot’s Conjecture
Let us introduce the notation 1(L) =
L︷ ︸︸ ︷
1, 1, · · · , 1 for L mutually-avoiding walks in
a star configuration. Then the exponent ζ(2, 1(L)) describing a two-sided walk
and L one-sided walks, all mutually-avoiding, has the value
ζ(2, 1(L)) = V
[
LU−1(1) + U−1(2)
]
= V
(
L+
3
2
)
= ζL+ 32 =
1
6
(L+ 1)(L+ 2).
For L = 1, ζ(2, 1) = ζL=5/2 = 1 correctly gives the exponent governing the
escape probability of a RW from a given origin near another RW [191]. (By
construction the second one indeed appears as made of two independent RW’s
diffusing away from the origin.)
For L = 0 one finds the non-trivial result
ζ(2, 1(0)) = ζL=3/2 = 1/3,
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which describes the accessible points along a RW. It is formally related to the
Hausdorff dimension of the Brownian frontier by D = 2 − 2ζ [192]. Thus we
obtain for the dimension of the Brownian frontier [83]
DBrown. fr. = 2− 2ζ 3
2
=
4
3
, (3.65)
i.e., the famous Mandelbrot conjecture. Notice that the accessibility of a point
on a Brownian path is a statistical constraint equivalent to the non-intersection of
“L = 3/2” paths.11 The Mandelbrot conjecture was later established rigorously
in probability theory by Lawler, Schramm and Werner [97], using the analytic
properties of the non-intersection exponents derived from the stochastic Löwner
evolution SLE6 [93].
4. MIXING RANDOM & SELF-AVOIDING WALKS
We now generalize the scaling structure obtained in the preceding section to
arbitrary sets of random or self-avoiding walks interacting together [84] (see
also [82, 88]).
4.1. General Star Configurations
Star Algebra
Consider a general copolymer S in the plane C (or in Z2), made of an ar-
bitrary mixture of RW’s or Brownian paths (set B) , and SAW’s or polymers
(set P), all starting at neighboring points, and diffusing away, i.e., in a star
configuration. In the plane, any successive pair (A,B) of such paths, A,B ∈
B or P , can be constrained in a specific way: either they avoid each other
(A ∩B = ∅, denoted A ∧B) , or they are independent, i.e., “transparent” and
can cross each other (denoted A ∨B) [84, 193]. This notation allows any nested
interaction structure [84]; for instance that the branches {Pℓ ∈ P}ℓ=1,...,L of an
L-star polymer, all mutually-avoiding, further avoid a collection of Brownian
paths {Bk ∈ B}k=1,...,n , all transparent to each other, which structure is repre-
sented by:
S =
(∧L
ℓ=1
Pℓ
)
∧
(∨n
k=1
Bk
)
. (4.1)
A priori in 2D the order of the branches of the star polymer may matter and is
intrinsic to the (∧,∨) notation.
11The understanding of the role played by exponent ζ3/2 = 1/3 emerged from a discussion in
December 1997 at the IAS at Princeton with M. Aizenman and R. Langlands about the meaning of
half-integer indices in critical percolation exponents.
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Conformal Operators and Scaling Dimensions
To each specific star copolymer center S is attached a local conformal scaling
operator ΦS , which represents the presence of the star vertex, with a scaling di-
mension x (S) [27–29,84]. When the star is constrained to stay in a half-planeH,
with Dirichlet boundary conditions, and its core placed near the boundary ∂H, a
new boundary scaling operator Φ˜S appears, with a boundary scaling dimension
x˜ (S) [29]. To obtain proper scaling, one has to construct the partition functions
of Brownian paths and polymers having the same mean size R [28]. These par-
tition functions then scale as powers of R, with an exponent which mixes the
scaling dimension of the star core (x (S) or x˜ (S)), with those of star dangling
ends.
Partition Functions
It is convenient to define for each star S a grand canonical partition function
[28, 29, 193], with fugacities z and z′ for the total lengths |B| and |P| of RW or
SAW paths:
ZR (S) =
∑
B,P⊂S
z|B|z′|P| 1R (S) , (4.2)
where one sums over all RW and SAW configurations respecting the mutual-avoi-
dance constraints built in star S (as in (4.1)), further constrained by the indicatrix
1R (S) to stay within a disk of radius R centered on the star. At the critical
values zc = µ−1RW, z′c = µ
−1
SAW, where µRW is the coordination number of the
underlying lattice for the RW’s, and µSAW the effective one for the SAW’s, ZR
obeys a power law decay [28]
ZR (S) ∼ R−x(S)−x• . (4.3)
Here x (S) is the scaling dimension of the operator ΦS , associated only with
the singularity occurring at the center of the star where all critical paths meet,
while x• is the contribution of the independent dangling ends. It reads x• =
‖B‖xB,1+‖P‖xP,1−2V ,where ‖B‖ and ‖P‖ are respectively the total numbers
of Brownian or polymer paths of the star; xB,1 or xP,1 are the scaling dimensions
of the extremities of a single RW (xB,1 = 0) or SAW (xP,1 = 548 ) [24, 28]. The
last term in (4.3), in which V = ‖B‖+ ‖P‖ is the number of dangling vertices,
corresponds to the integration over the positions of the latter in the disk of radius
R.
When the star is constrained to stay in a half-plane with its core placed near
the boundary, its partition function scales as [28, 73]
Z˜R (S) ∼ R−x˜(S)−x• , (4.4)
where x˜ (S) is the boundary scaling dimension, x• staying the same for star
extremities in the bulk.
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Fig. 16. L = 3 mutually- and self-avoiding walks on a regular (hexagonal) lattice.
SAW Watermelon Exponents
To illustrate the preceding section, let us consider the “watermelon” configura-
tions of a set of L mutually-avoiding SAW’s P(ℓ)ij , ℓ = 1, · · ·L, all starting at the
same point i, and ending at the same point j (Fig. 16) [27, 28]. In a way similar
to (3.6) for RW’s, their correlator is defined as:
ZL =
∑
P
(ℓ)
ij
ℓ=1,...,L
µSAW
−|P| ∝ |i − j|−2xL , (4.5)
where the sum extends on all mutually- and self-avoiding configurations, and
where µSAW is the effective growth constant of the SAW’s on the lattice, asso-
ciated with the total polymer length |P|. Because of this choice, the correlator
decays algebraically with a star exponent xL ≡ x(SL) corresponding, in the
above notations, to the star
SL =
(∧L
ℓ=1
Pℓ
)
(4.6)
made of L mutually-avoiding polymers.
A similar boundary watermelon correlator can be defined when points i and j
are both on the Dirichlet boundary [29], which decays with a boundary exponent
x˜L ≡ x˜(SL). The values of exponents xL and x˜L have been known since long
ago in physics from the Coulomb gas or CFT approach [27–29]
xL =
1
12
(
9
4
L2 − 1
)
, x˜L =
1
4
L
(
1 +
3
2
L
)
. (4.7)
As we shall see, they provide a direct check of the KPZ relation in the quantum
gravity approach [58].
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Fig. 17. L = 3 mutually- and self-avoiding walks on a trivalent random lattice.
4.2. Quantum Gravity for SAW’s & RW’s
As in section 3, the idea is to use the representation where the RW’s or SAW’s
are on a 2D random lattice, or a random Riemann surface, i.e., in the presence of
2D quantum gravity [56, 58].
Example
An example is given by the case of L mutually- and self-avoiding walks, in the
by now familiar “watermelon” configuration (Fig. 17). In complete analogy to
the random walk cases (3.25) or (3.26) seen in section 3, the quantum gravity
partition function is defined as
ZSAW,L(β, z) =
∑
planar G
1
S(G)
e−β|G|
∑
i,j∈G
∑
Γ
(ℓ)
ij
ℓ=1,...,L
z|Γ|, (4.8)
where the sum extends over all configurations of a set Γ(ℓ)ij , ℓ = 1, · · · , L of L
mutually-avoiding SAW’s with fugacity z on a random planar lattice G (f ig. 17).
A similar boundary partition function is defined for multiple SAW’s traversing a
random disk G with boundary ∂G
Z˜SAW,L(β, β˜, z) =
∑
disk G
e−β|G|e−β˜|∂G|
∑
i,j∈∂G
∑
Γ
(ℓ)
ij
ℓ=1,...,L
z|Γ|. (4.9)
These partition functions, albeit non-trivial, can be calculated exactly [58].
Each path ℓ ∈ {1, · · · , L} among the multiple SAW’s can be represented
topologically by a line, which seperates on G two successive planar domains
with the disk topology, labelled ℓ − 1 and ℓ (with the cyclic convention 0 ≡ L
on the sphere). For each polymer line ℓ, let us then call mℓ the number of edges
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coming from domain ℓ − 1 and nℓ the number of those coming from domain ℓ,
that are incident to line ℓ. Each disk-like planar domain ℓ has therefore a total
number nℓ+mℓ+1 of outer edges, with an associated generating function (3.21),
(3.22)
Gnℓ+mℓ+1 (β) =
∫ b
a
dλℓ ρ (λℓ, β)λℓ
nℓ+mℓ+1. (4.10)
The combinatorial analysis of partition function (4.8) is easily seen to give, up to
a coefficient [58]
ZSAW,L(β, z) =
∞∑
mℓ,nℓ=0
z
∑
∞
ℓ=1 mℓ+nℓ
L∏
ℓ=1
(
mℓ
mℓ + nℓ
)
Gnℓ+mℓ+1(β),
where the combination numbers
(
mℓ
mℓ+nℓ
)
count the number of ways to place
along polymer line ℓ the sets of mℓ and nℓ edges that are incident to that line.
Inserting then for each planar domain ℓ the integral representation (4.10), and
using Newton binomial formula for each line ℓ we arrive at (L+ 1 ≡ 1)
ZSAW,L(β, z) =
∫ b
a
L∏
ℓ=1
dλℓ ρ (λℓ, β)
L∏
ℓ=1
1
1− z (λℓ + λℓ+1) . (4.11)
The combinatorial analysis of the boundary partition function (4.9) gives in a
similar way
Z˜SAW,L(β, z) =
∫ b
a
L+1∏
ℓ=1
dλℓ ρ (λℓ, β)
L∏
ℓ=1
1
1− z (λℓ + λℓ+1)
× 1
1− z˜ (λ1)
1
1− z˜ (λL+1) , (4.12)
where z˜ ≡ e−β˜ , and where the two last “propagators” account for the presence
of the two extra boundary lines.
From Trees to SAW’s
At this stage, it is worth noting that the partition functions (4.11) and (4.12) for
self-avoiding walks on a random lattice can be recovered in a simple way from
the tree partition functions (3.31) and (3.33).
One observes indeed that it is sufficient to replace in all integral expressions
there each tree backbone propagator T (x, y) (3.32) by a SAW propagator
L(x, y) := (1− x− y)−1. (4.13)
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This corresponds to replace each rooted tree generating function T (x) (3.30)
building up the propagator T (x, y), by its small x expansion, T (x) = x + · · · .
The reason is that the latter is the trivial generating function of a rooted edge.
So each tree branching out of each tree backbone line in Fig. 11 is replaced by a
simple edge incident to the backbone, which thus becomes a simple SAW line.
SAW Quantum Gravity Exponents
The singular behavior of (4.11) and (4.12) arises when the lattice fugacity e−β ,
boundary’s fugacity z˜ = e−β˜ and polymer fugacity z reach their respective crit-
ical values. The singularity analysis can be performed in a way entirely similar
to the analysis of the RWs’ quantum gravity partition functions in section 3. One
uses the remark made above that each tree propagator T (3.32), with a square
root singularity, is now replaced by a SAW propagator L (4.13) with a simple
singularity.
The result (3.41) for ZL for trees is then simply replaced by [58]
ZSAW,L ∼ (β − βc)3L/4 , (4.14)
which amounts to the simple formal substitution L → 3/4× L for passing from
RW’s to SAW’s. The rest of the analysis is exactly the same, and the fundamental
result (3.45) simply becomes
2∆SAW,L − γstr(χ = 2) = 3
4
L, (4.15)
whith γstr(χ = 2) = γ = −1/2, whence
∆SAW,L =
1
2
(
3
4
L− 1
2
)
. (4.16)
The boundary-bulk relation (3.50) remains valid:
∆˜SAW,L = 2∆SAW,L − γstr(χ = 2), (4.17)
so that one finds from the bulk conformal weight (4.16)
∆˜SAW,L =
3
4
L. (4.18)
These are the quantum gravity conformal weights of a SAW L-star SL [58]:
∆SAW,L ≡ ∆(SL) = 1
2
(
3
4
L− 1
2
)
, ∆˜SAW,L ≡ ∆˜(SL) = 3
4
L. (4.19)
We now give the general formalism which allows the prediction of the complete
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Scaling Dimensions, Conformal Weights, and KPZ Map
Let us first recall that by definition any scaling dimension x in the plane is twice
the conformal weight ∆(0) of the corresponding operator, while near a boundary
they are identical [19, 21]
x = 2∆(0), x˜ = ∆˜(0). (4.20)
The general relation (3.13) for Brownian paths depends only on the central charge
c = 0, which also applies to self-avoiding walks or polymers. For a critical
system with central charge c = 0, the two universal functions:
U (x) = Uγ=− 12 (x) =
1
3
x (1 + 2x) , V (x) =
1
24
(
4x2 − 1) , (4.21)
with V (x) := U
(
1
2
(
x− 12
))
, generate all the scaling exponents. They trans-
form the conformal weights in bulk quantum gravity, ∆, or in boundary QG, ∆˜,
into the plane and half-plane ones (4.20):
∆(0) = U(∆) = V (∆˜), ∆˜(0) = U(∆˜). (4.22)
These relations are for example satisfied by the dimensions (4.7) and (4.19).
Composition Rules
Consider two starsA,B joined at their centers, and in a random mutually-avoiding
star-configuration A ∧B. Each star is made of an arbitrary collection of Brown-
ian paths and self-avoiding paths with arbitrary interactions of type (4.1). Their
respective bulk partition functions (4.2), (4.3), or boundary partition functions
(4.4) have associated planar scaling exponents x (A), x (B), or boundary expo-
nents x˜ (A), x˜ (B). The corresponding scaling dimensions in quantum gravity
are then, for instance for A:
∆˜ (A) = U−1 (x˜ (A)) , ∆(A) = U−1
[
1
2
x (A)
]
, (4.23)
where U−1 (x) is the positive inverse of the KPZ map U
U−1 (x) =
1
4
(√
24x+ 1− 1) . (4.24)
The key properties are given by the following propositions:
• In c = 0 quantum gravity the boundary and bulk scaling dimensions of a given
random path set are related by:
∆˜(A) = 2∆ (A)− γstr(c = 0) = 2∆ (A) + 1
2
. (4.25)
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This generalizes the relation (3.50) for non-intersecting Brownian paths.
• In quantum gravity the boundary scaling dimensions of two mutually-avoiding
sets is the sum of their respective boundary scaling dimensions:
∆˜ (A ∧B) = ∆˜ (A) + ∆˜ (B) . (4.26)
It generalizes identity (3.57) for mutually-avoiding packets of Brownian paths.
The boundary-bulk relation (4.25) and the fusion rule (4.26) come from simple
convolution properties of partition functions on a random lattice [83, 84]. They
are studied in detail in Ref. [1] (Appendices A & C).
The planar scaling exponents x (A ∧B) in C, and x˜ (A ∧B) in H of the two
mutually-avoiding stars A ∧B are then given by the KPZ map (4.22) applied to
Eq. (4.26)
x (A ∧B) = 2V
[
∆˜ (A ∧B)
]
= 2V
[
∆˜ (A) + ∆˜ (B)
]
(4.27)
x˜ (A ∧B) = U
[
∆˜ (A ∧B)
]
= U
[
∆˜ (A) + ∆˜ (B)
]
. (4.28)
Owing to (4.23), these scaling exponents thus obey the star algebra [83, 84]
x (A ∧B) = 2V [U−1 (x˜ (A)) + U−1 (x˜ (B))] (4.29)
x˜ (A ∧B) = U [U−1 (x˜ (A)) + U−1 (x˜ (B))] . (4.30)
These fusion rules (4.26), (4.29) and (4.30), which mix bulk and boundary
exponents, are already apparent in the derivation of non-intersection exponents
for Brownian paths given in section 3. They also apply to the O(N) model,
as shown in Ref. [1], and are established in all generality in Appendix C there.
They can also be seen as recurrence “cascade” relations in C between successive
conformal Riemann maps of the frontiers of mutually-avoiding paths onto the
half-plane boundary ∂H, as in the original work [82] on Brownian paths.
When the random sets A and B are independent and can overlap, their scaling
dimensions in the standard plane or half-plane are additive by trivial factorization
of partition functions or probabilities [84]
x (A ∨B) = x (A) + x (B) , x˜ (A ∨B) = x˜ (A) + x˜ (B) . (4.31)
This additivity no longer applies in quantum gravity, since overlapping paths get
coupled by the fluctuations of the metric, and are no longer independent. In
contrast, it is replaced by the additivity rule (4.26) for mutually-avoiding paths
(see Appendix C in Ref. [1] for a thorough discussion of this additivity property).
It is clear at this stage that the set of equations above is complete. It allows
for the calculation of any conformal dimensions associated with a star structure
S of the most general type, as in (4.1), involving (∧,∨) operations separated by
nested parentheses [84]. Here follow some examples.
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4.3. RW-SAW Exponents
The single extremity scaling dimensions are for a RW or a SAW near a Dirichlet
boundary ∂H [26]12
x˜B (1) = ∆˜
(0)
B (1) = 1, x˜P (1) = ∆˜
(0)
P (1) =
5
8
, (4.32)
or in quantum gravity
∆˜B (1) = U
−1 (1) = 1, ∆˜P (1) = U
−1
(
5
8
)
=
3
4
. (4.33)
Because of the star algebra described above these are the only numerical seeds,
i.e., generators, we need.
Consider packets of n copies of transparent RW’s or m transparent SAW’s.
Their boundary conformal dimensions in H are respectively, by using (4.31) and
(4.32), ∆˜(0)B (n) = n and ∆˜(0)P (m) = 58m. The inverse mapping to the random
surface yields the quantum gravity conformal weights ∆˜B (n) = U−1 (n) and
∆˜P (m) = U
−1
(
5
8m
)
. The star made of L packets ℓ ∈ {1, ..., L}, each of them
made of nℓ transparent RW’s and of mℓ transparent SAW’s, with the L packets
mutually-avoiding, has planar scaling dimensions
∆˜(0) {nℓ,mℓ} = U
(
∆˜ {nℓ,mℓ}
)
(4.34)
∆(0) {nℓ,mℓ} = V
(
∆˜ {nℓ,mℓ}
)
, (4.35)
∆˜ {nℓ,mℓ} =
∑L
ℓ=1
U−1
(
nℓ +
5
8
mℓ
)
(4.36)
=
∑L
ℓ=1
1
4
(√
24
(
nℓ +
5
8
mℓ
)
+ 1− 1
)
.
Take a copolymer star SL,L′ made of L RW’s and L′ SAW’s, all mutually-
avoiding (∀ℓ = 1, · · · , L, nℓ = 1,mℓ = 0; ∀ℓ′ = 1, · · · , L′, nℓ′ = 0,mℓ′ = 1).
In QG the linear boundary conformal weight (4.36) is ∆˜ (SL,L′) = L+ 34L′. By
the U and V maps, it gives the scaling dimensions in H and C
∆˜(0) (SL,L′) = 1
3
(
L+
3
4
L′
)(
1 + 2L+
3
2
L′
)
∆(0) (SL,L′) = 1
24
[
4
(
L+
3
4
L′
)2
− 1
]
,
12Hereafter we use a slightly different notation: x˜P (1) ≡ x˜1 in (4.7), and ∆˜P (1) ≡ ∆˜SAW,1
in (4.19).
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recovering for L = 0 the SAW star-exponents (4.7) given above, and for L′ = 0
the RW non-intersection exponents in H and C obtained in section 3
2ζ˜L = ∆˜
(0) (SL,L′=0) = 1
3
L (1 + 2L)
ζL = ∆
(0) (SL,L′=0) = 1
24
(
4L2 − 1) .
Formula (4.36) encompasses all exponents previously known separately for
RW’s and SAW’s [28, 29, 73]. We arrive from it at a striking scaling equiva-
lence: When overlapping with other paths in the standard plane, a self-avoiding
walk is exactly equivalent to 5/8 of a random walk [84]. Similar results were
later obtained in probability theory, based on the general structure of “completely
conformally-invariant processes”, which correspond to c = 0 central charge con-
formal field theories [88, 96]. Note that the construction of the scaling limit of
SAW’s still eludes a rigorous approach, although it is predicted to correspond to
“stochastic Löwner evolution” SLEκ with κ = 8/3, equivalent to a Coulomb gas
with g = 4/κ = 3/2 (see section 9 below).
From the point of view of mutual-avoidance, a “transmutation” formula be-
tween SAW’s and RW’s is obtained directly from the quantum gravity boundary
additivity rule (4.26) and the values (4.33): For mutual-avoidance, in quantum
gravity, a self-avoiding walk is equivalent to 3/4 of a random walk. We shall now
apply these rules to the determination of “shadow” or “hiding” exponents [115].
4.4. Brownian Hiding Exponents
Consider two packets made of m and n independent Brownian paths (or random
walks) diffusing in the half-plane away from the Dirichlet boundary ∂H, as rep-
resented in figure 18. Their left or right Brownian frontiers are selectively made
of certain paths.
For instance, one can ask the following question, corresponding to the top
left case in Fig. 18: What is the probability that the paths altogether diffuse up
to a distance R without the paths of the m packet contributing to the Brownian
frontier to the right? In other words, the m-packet stays in the left shadow of the
other packet, i.e., it is hidden from the outside to the right by the presence of this
other packet.
This probability decays with distance R as a power law
P ≈ R−x˜m,n ,
where x˜m,n can be called a shadow or hiding exponent [115].
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Fig. 18. Top: Two packets made of m and n independent Brownian paths, with three possible
constraints for their Brownian frontiers: The right frontier is made only of paths of the n-packet; the
left and right frontiers are made exclusively of paths from the m-packet and n-packet, respectively;
both Brownian frontiers are made exclusively from paths of the n-packet, i.e., the second m-packet
is hidden by the former. Bottom: The conversion into equivalent problems for two sets of multiple
SAW’s, made separately of L(m) and L(n) mutually-avoiding SAW’s.
By using quantum gravity, the exponent can be calculated immediately as the
nested formula
x˜m,n = U
[
3
4
+ U−1
[
m+ U
(
U−1(n)− 3
4
)]]
.
Let us explain briefly how this formula originates from the transmutation of
Brownian paths into self-avoiding walks.
First we transform separately each Brownian m or n-packet into a packet of
L(m) or L(n) mutually-avoiding SAW’s (see figure 18, bottom left). According
to the quantum gravity theory established in the preceding section, one must have
the exact equivalence of their quantum gravity boundary dimensions, namely:
3
4
L(n) = U−1(n).
Then one discards from the L(n) SAW set its rightmost SAW, which will rep-
resent the right frontier of the original Brownian n-packet, since a Brownian
frontier is a self-avoiding walk (in the scaling limit). The resulting new set of
L(n) − 1 SAW’s is now free to overlap with the other Brownian m-packet, so
their boundary dimensions in the standard half-plane, m and U [ 34 (L(n) − 1)],
do add. To finish, the rightmost SAW left aside should not intersect any other
path. This corresponds in QG to an additive boundary dimension, equal to
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3
4 + U
−1[m + U [ 34 (L(n) − 1)]]. The latter is in turn transformed into a stan-
dard boundary exponent by a last application of KPZ map U , hence the formula
above, QED.
An explicit calculation then gives
x˜m,n = m+ n+
1
4
√
24m+
(√
1 + 24n− 3)2 − 1
4
(√
1 + 24n− 3) ,
where the first termm+n of course corresponds to the simple boundary exponent
of independent Brownian paths, while the two extra terms reflect the hidding
constraint and cancel for m = 0, as it must.
The other cases in Fig. 18 can be treated in the same way and are left as
exercizes.
5. PERCOLATION CLUSTERS
5.1. Cluster Hull and External Perimeter
Fig. 19. A large percolation cluster, and its various scaling domains (Courtesy of J. Asikainen et
al. [194]).
Let us consider, for definiteness, site percolation on the 2D triangular lattice.
By universality, the results are expected to apply to other 2D (e.g., bond) perco-
lation models in the scaling limit. Consider then a very large two-dimensional
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incipient cluster C, at the percolation threshold pc = 1/2. Figure 19 depicts such
a connected cluster.
R
R
R
Fig. 20. An accessible site (•) on the external perimeter for site percolation on the triangular lattice.
It is defined by the existence, in the scaling limit, of three non-intersecting, and connected paths S3
(dotted lines), one on the incipient cluster, the other two on the dual empty sites. The entrances of
fjords ⊙ close in the scaling limit. Point (•) is first reached by three independent RW’s, contributing
to H3(•). The hull of the incipient cluster (thick continuous line along hexagons) avoids the outer
frontier of the RW’s (continuous line along hexagons). A Riemann map of the latter onto the real line
∂H reveals the presence of an underlying ℓ = 3 path-crossing boundary operator, i.e, a two-cluster
boundary operator, with dimension in the half-plane x˜ℓ=3 = x˜Ck=2 = 2. Both accessible hull and
Brownian paths have a frontier dimension 4
3
.
Hull
The boundary lines of a site percolation cluster, i.e., of connected sets of occupied
hexagons, form random lines on the dual hexagonal lattice (Fig. 20). (They are
actually known to obey the statistics of random loops in the O (N = 1) model,
where N is the loop fugacity, in the so-called “low-temperature phase”, or of
boundaries of Fortuin-Kasteleyn clusters in the Q = 1 Potts model [32].) Each
critical connected cluster thus possesses an external closed boundary, its hull, the
fractal dimension of which is known to be DH = 7/4 [32]. (See also [195].)
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In the scaling limit, however, the hull, which possesses many pairs of points at
relative distances given by a finite number of lattice meshes a, coils onto itself to
become a non-simple curve [92]; it thus develops a smoother outer (accessible)
frontier F(C) or external perimeter (EP).
External Perimeter and Crossing Paths
The geometrical nature of this external perimeter has recently been elucidated
and its Hausdorff dimension found to equal DEP = 4/3 [86]. For a site w = (•)
to belong to the accessible part of the hull, it must remain, in the continuous
scaling limit, the source of at least three non-intersecting crossing paths , noted
S3 = P ∧ P¯1 ∧ P¯2, reaching to a (large) distance R (Fig. 20). (Recall the
notation A∧B for two sets, A, B, of random paths, required to be mutually non-
intersecting, and A ∨ B for two independent, thus possibly intersecting, sets.)
Each of these paths is “monochromatic”: one path P runs only through occupied
sites, which simply means that w belongs to a particular connected cluster; the
other two dual lines P¯i=1,2 run through empty sites, and doubly connect the ex-
ternal perimeter site w to “infinity” in open space [86]. The definition of the stan-
dard hull requires only the origination, in the scaling limit, of a “bichromatic”
pair of lines S2 = P ∧ P¯ , with one path running on occupied sites, and the dual
one on empty ones. Such hull points lacking a second dual line will not neces-
sarily remain accessible from the outside after the scaling limit is taken, because
their single exit path becomes a strait pinched by parts of the occupied cluster.
In the scaling limit, the hull is thus a self-coiling and conformally-invariant (CI)
scaling curve which is not simple, while the external perimeter is a simple CI
scaling curve.
The (bichromatic) set S3 of three non-intersecting connected paths in the per-
colation system is governed by a new critical exponent x (S3) (= 2/3) such that
DEP = 2− x (S3), while a bichromatic pair of non-intersecting paths S2 has an
exponent x (S2) (= 1/4) such that DH = 2− x (S2) (see below).
5.2. Harmonic Measure of Percolation Frontiers
Define H (w, a) := H (F ∩B(w, a)) as the probability that a random walker,
launched from infinity, first hits the outer (accessible) percolation hull’s frontier
or external perimeter F(C) in the ball B(w, a) centered at point w ∈ F(C). The
moments Hn of H are averaged over all realizations of RW’s and C
Zn =
〈 ∑
w∈F/a
Hn (F ∩B(w, a))
〉
. (5.1)
For very large clusters C and frontiersF (C) of average size R, one expects these
moments to scale as: Zn ≈ (a/R)τ(n).
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By the very definition of the H-measure, n independent RW’s diffusing away
or towards a neighborhood of a EP point w, give a geometric representation of
the nth moment Hn(w), for n integer. The values so derived for n ∈ N will be
enough, by convexity arguments, to obtain the analytic continuation for arbitrary
n’s. Figure 20 depicts such n independent random walks, in a bunch, first hitting
the external frontier of a percolation cluster at a site w = (•) . The packet of
independent RW’s avoids the occupied cluster, and defines its own envelope as
a set of two boundary lines separating it from the occupied part of the lattice.
The n independent RW’s, or Brownian paths B in the scaling limit, in a bunch
denoted (∨B)n , thus avoid the set S3 of three non-intersecting connected paths
in the percolation system, and this system is governed by a new family of critical
exponents x (S3 ∧ n) depending on n. The main lines of the derivation of the
latter exponents by generalized conformal invariance are as follows.
5.3. Harmonic and Path Crossing Exponents
Generalized Harmonic Crossing Exponents
The n independent Brownian paths B, in a bunch (∨B)n , avoid a set Sℓ :=
(∧P)ℓ of ℓ non-intersecting crossing paths in the percolation system. The latter
originate from the same hull site, and each passes only through occupied sites, or
only through empty (dual) ones [86]. The probability that the Brownian and per-
colation paths altogether traverse the annulus D (a,R) from the inner boundary
circle of radius a to the outer one at distance R, i.e., are in a “star” configuration
Sℓ ∧ (∨B)n, is expected to scale for a/R→ 0 as
PR (Sℓ ∧ n) ≈ (a/R)x(Sℓ∧n) , (5.2)
where we used Sℓ ∧ n = Sℓ ∧ (∨B)n as a short hand notation, and where
x (Sℓ ∧ n) is a new critical exponent depending on ℓ and n. It is convenient
to introduce similar boundary probabilities P˜R (Sℓ ∧ n) ≈ (a/R)x˜(Sℓ∧n) for the
same star configuration of paths, now crossing through the half-annulus D˜ (a,R)
in the half-plane H.
Bichromatic Path Crossing Exponents
For n = 0, the probability PR (Sℓ) = PR (Sℓ ∧ 0) ≈ (a/R)xℓ [resp. P˜R (Sℓ) =
P˜R (Sℓ ∧ 0) ≈ (a/R)x˜ℓ] is the probability of having ℓ simultaneous non-intersec-
ting path-crossings of the annulus D (a,R) in the plane C [resp. half-plane H],
with associated exponents xℓ := x (Sℓ ∧ 0) [resp. x˜ℓ := x˜ (Sℓ ∧ 0)]. Since these
exponents are obtained from the limit n→ 0 of the harmonic measure exponents,
at least two paths run on occupied sites or empty sites, and these are the bichro-
matic path crossing exponents [86]. The monochromatic ones are different in the
bulk [86, 196].
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5.4. Quantum Gravity for Percolation
c = 0 KPZ mapping
Critical percolation is described by a conformal field theory with the same van-
ishing central charge c = 0 as RW’s or SAW’s (see, e.g., [21, 197]). Using again
the fundamental mapping of this conformal field theory (CFT) in the plane C, to
the CFT on a fluctuating random Riemann surface, i.e., in presence of quantum
gravity [56], the two universal functions U and V only depend on the central
charge c of the CFT, and are the same as for RW’s, and SAW’s:
U (x) =
1
3
x (1 + 2x) , V (x) = U
[
1
2
(
x− 1
2
)]
=
1
24
(
4x2 − 1) , (5.3)
They suffice to generate all geometrical exponents involving mutual-avoidance
of random star-shaped sets of paths of the critical percolation system. Consider
two arbitrary random sets A,B, involving each a collection of paths in a star
configuration, with proper scaling crossing exponents x (A) , x (B) , or, in the
half-plane, crossing exponents x˜ (A) , x˜ (B) . If one fuses the star centers and
requires A and B to stay mutually-avoiding, then the new crossing exponents,
x (A ∧B) and x˜ (A ∧B) , obey the same star fusion algebra as in (4.29) [83,84]
x (A ∧B) = 2V [U−1 (x˜ (A)) + U−1 (x˜ (B))]
x˜ (A ∧B) = U [U−1 (x˜ (A)) + U−1 (x˜ (B))] , (5.4)
where U−1 (x) is the inverse function
U−1 (x) =
1
4
(√
24x+ 1− 1) . (5.5)
This structure immediately gives both the percolation crossing exponentsxℓ, x˜ℓ
[86], and the harmonic crossing exponents x (Sℓ ∧ n) (5.2).
Path Crossing Exponents
First, for a set Sℓ = (∧P)ℓ of ℓ crossing paths, we have from the recurrent use of
(5.4)
xℓ = 2V
[
ℓ U−1 (x˜1)
]
, x˜ℓ = U
[
ℓ U−1 (x˜1)
]
. (5.6)
For percolation, two values of half-plane crossing exponents x˜ℓ are known by
elementary means: x˜2 = 1, x˜3 = 2 [53,86]. From (5.6) we thus find U−1 (x˜1) =
1
2U
−1 (x˜2) =
1
3U
−1 (x˜3) =
1
2 , (thus x˜1 = 13 [26]), which in turn gives
xℓ = 2V
(
1
2
ℓ
)
=
1
12
(
ℓ2 − 1) , x˜ℓ = U (1
2
ℓ
)
=
ℓ
6
(ℓ+ 1) .
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We thus recover the identity [86] xℓ = xO(N=1)L=ℓ , x˜ℓ = x˜
O(N=1)
L=ℓ+1 with the L-
line exponents of the associated O (N = 1) loop model, in the “low-temperature
phase”. For L even, these exponents also govern the existence of k = 12L span-
ning clusters, with the identity xCk = xℓ=2k = 112
(
4k2 − 1) in the plane, and
x˜Ck = x˜ℓ=2k−1 =
1
3k (2k − 1) in the half-plane [32, 77, 198].
Brownian Non-Intersection Exponents
The non-intersection exponents (3.7) and (3.8) of L Brownian paths seen in sec-
tion 3 are identical to the percolation path crossing exponents for
2ζL = xℓ, 2ζ˜L = x˜ℓ, ℓ = 2L, (5.7)
so we obtain a complete scaling equivalence between a Brownian path and two
percolating crossing paths, in both the plane and half-plane [85].
Harmonic Crossing Exponents
Finally, for the harmonic crossing exponents in (5.2), we fuse the two objects
Sℓ and (∨B)n into a new star Sℓ ∧ n, and use (5.4). We just have seen that
the boundary ℓ-crossing exponent of Sℓ, x˜ℓ, obeys U−1 (x˜ℓ) = 12ℓ. The bunch
of n independent Brownian paths have their own half-plane crossing exponent
x˜ ((∨B)n) = nx˜ (B) = n as above. Thus we obtain
x (Sℓ ∧ n) = 2V
(
1
2
ℓ+ U−1 (n)
)
. (5.8)
Specializing to the case ℓ = 3 finally gives from (5.3-5.5)
x (S3 ∧ n) = 2 + 1
2
(n− 1) + 5
24
(√
24n+ 1− 5) .
5.5. Multifractality of Percolation Clusters
Multifractal Dimensions and Spectrum
In terms of probability (5.2), the harmonic measure moments (5.1) scale simply
as Zn ≈ R2PR (Sℓ=3 ∧ n) [66], which leads to
τ (n) = x (S3 ∧ n)− 2. (5.9)
Thus
τ (n) =
1
2
(n− 1) + 5
24
(√
24n+ 1− 5) (5.10)
and the generalized dimensions D (n) are:
D (n) =
1
n− 1τ (n) =
1
2
+
5√
24n+ 1 + 5
, n ∈ [− 124 ,+∞) , (5.11)
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Fig. 21. Universal generalized dimensions D(n) as a function of n, corresponding to the harmonic
measure near a percolation cluster, or to self-avoiding or random walks, and comparison with the
numerical data obtained by Meakin et al. (1988) for percolation.
valid for all values of moment order n, n ≥ − 124 . We shall see in section 6 that
these exponents τ(n) [85] are identical to those obtained for Brownian paths and
self-avoiding walks.
Comparison to Numerical Results
Only in the case of percolation has the harmonic measure been systematically
studied numerically, by Meakin et al. [199]. We show in Figure 21 the exact curve
D (n) (5.11) [85], together with the numerical results for n ∈ {2, ..., 9} [199],
showing fairly good agreement.
Define nowN (H) as the number of boundary sites having a given probability
H to be hit by a RW starting at infinity; the multifractal formalism yields, for
H → 0, a power law behavior
N (H) |H→0 ≈ H−(1+n∗), (5.12)
with an exponent given by the lowest possible value of n, n∗ = −1/24, where
D(n) reaches its maximal value: D(n∗) = 32 (see section 6).
The average number N (H) (5.12) has been also determined numerically for
percolation clusters in Ref. [200], and our prediction 1 + n∗ = 2324 = 0.95833...
compares very well with the numerical result 0.951±0.030, obtained for 10−5 ≤
H ≤ 10−4.
The dimension of the measure’s support is D (0) = 43 6= DH, where DH = 74
is the Hausdorff dimension of the standard hull, i.e., the complete outer bound-
ary of critical percolating clusters [32]. The value DEP = D(0) = 43 gives the
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dimension of the accessible external perimeter. A direct derivation of its exact
value has ben first given by Aizenman et al. [86]. The complement of the acces-
sible perimeter in the hull is made of deep fjords, which do close in the scaling
limit and are not probed by the harmonic measure. This is in agreement with the
instability phenomenon observed on a lattice by Grossman-Aharony for the hull
dimension [92].
A striking fact is the complete identity of the multifractal dimensions for per-
colation with those for random walks and self-avoiding walks, as we shall see
in the next section. Seen from outside, these three scaling curves are not distin-
guished by the harmonic measure. In fact they are the same, and one of the main
conclusions is that the external frontiers of a planar Brownian motion, or of a
critical percolation cluster are, in the scaling limit, identical to a critical self-
avoiding walk, with Hausdorff dimension D = 43 [84, 85]. In the same way, the
connected domain enclosed by a Brownian loop or by the frontier of a percolation
cluster are the same as the domain inside a closed SAW. (See also [2]).
As we have seen, this fact is linked to the presence of a single universal con-
formal field theory (with a vanishing central charge c = 0), and to the underlying
presence of quantum gravity, which organizes the associated conformal dimen-
sions. S. Smirnov [98] proved that critical site percolation on the triangular lattice
has a conformally-invariant scaling limit, and that the discrete cluster interfaces
(hulls) converge to the same stochastic Löwner evolution process (SLE6) as the
one involved for Brownian paths. This opened the way to a rigorous deriva-
tion of percolation exponents [99, 100], previously derived in the physics litera-
ture [23, 24, 26]. V. Beffara has thus been able to derive rigorously the values of
percolation Hausdorff dimensions DH [106] and DEP [97, 106], already exactly
known in physics [32, 86].
Double Layer Impedance
Let us finally consider the different, but related, problem of the double layer
impedance of a rough electrode. In some range of frequencies ω, the impedance
contains an anomalous “constant phase angle” (CPA) term (iω)−β , where β < 1.
From a natural RW representation of the impedance, a scaling law was proposed
by Halsey and Leibig: β = D(2)D(0) (here in 2D), where D (2) and D (0) are the
multifractal dimensions of the H-measure on the rough electrode [201]. In the
case of a 2D porous percolative electrode, our results (5.11) give D (2) = 1112 ,
D (0) = 43 , whence β =
11
16 = 0.6875.This compares very well with a numerical
RW algorithm result [200], which yields an effective CPA exponent β ≃ 0.69,
nicely vindicating the multifractal description [201].13
13For a recent elaboration on the theory of Ref. [201], see also [202].
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—————————————————-
In the next sections, we consider arbitrary conformally-invariant curves and
present a universal description of multifractal functions for them. They are de-
rived from conformal field theory and quantum gravity. The geometrical find-
ings are described in detail, including the cases of Brownian paths, self-avoiding
walks, Ising clusters, and Q = 4 Potts Fortuin-Kasteleyn clusters, which are
of particular interest. We also make explicit the relation between a conformally-
invariant scaling curve with CFT central charge c [90], and the stochastic Löwner
process SLEκ [93]. A fundamental geometric duality property for the external
boundaries in O(N) and Potts models, and SLE is obtained.
6. CONFORMALLY INVARIANT FRONTIERS AND QUANTUM GRAVITY
6.1. Harmonic Measure and Potential near a Fractal Frontier
Introduction
The harmonic measure, i.e., the diffusion or electrostatic potential field near an
equipotential fractal boundary [70], or, equivalently, the electric charge appear-
ing on the frontier of a perfectly conducting fractal, possesses a self-similarity
property, which is reflected in a multifractal behavior. Cates and Witten [71]
considered the case of the Laplacian diffusion field near a simple random walk,
or near a self-avoiding walk, using renomalization group arguments near d = 4
dimensions. The associated exponents can be recast as those of star copolymers
made of a bunch of independent RW’s diffusing away from a generic point of the
absorber, similar to those introduced in section 4.
For a Brownian path, the very existence of a harmonic multifractal spectrum
has been first rigorously established in Ref. [72]. The exact solution to this prob-
lem in two dimensions was given in Ref. [84]. From a mathematical point of
view, it could in principle be derived from the results of refs. [82,88,96,97] taken
altogether. Here we consider the general case of a conformally invariant scaling
curve, using QG [90], while a rigorous approach is also possible [156, 157].
Harmonic Measure
Consider a two-dimensional very large “absorber”, a conformally-invariant crit-
ical random cluster, hereafter generically called C. It can be for instance a per-
colation cluster, a random walk, a SAW, a Fortuin-Kasteleyn cluster in the Potts
model, etc. (The figures illustrate the case of a random walk or Brownian path.)
One defines the harmonic measure H (w) as the probability that a random
walker launched from infinity, first hits the outer “hull’s frontier” or accessible
frontierF := ∂C of C at point w ∈ ∂C. For a given point w ∈ ∂C, let B(w, r) be
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Fig. 22. Potential near a charged Brownian set and the equivalent Kakutani’s diffusion process.
the ball (i.e., disk) of radius r centered at w. Then H(∂C ∩B(w, r)) is the total
harmonic measure of the points of the frontier inside the ball B(w, r).
Potential Theory
One can also consider potential theory near the same fractal boundary, now
charged. One assumes the absorber to be perfectly conducting, and introduces
the harmonic potential H (z) at an exterior point z ∈ C, with Dirichlet bound-
ary conditionsH (w ∈ ∂C) = 0 on the outer (simply connected) frontier ∂C, and
H(w) = 1 on a circle “at∞”, i.e., of a large radius scaling like the average sizeR
of ∂C (Fig. 22). As is well-known from a theorem due to Kakutani [203], H (z)
is identical to the probability that a random walker (more precisely, a Brownian
motion) started at z escapes to “∞” without having hit ∂C (Fig. 22).
The harmonic measure H (∂C ∩B(w, r)) defined above then also appears as
the integral of the Laplacian of H in the disk B(w, r), i.e., the boundary charge
contained in that disk.
Multifractal Local Behavior
The multifractal formalism [62–65] further involves characterizing subsets ∂Cα
of sites of the frontier ∂C by a Hölder exponent α, such that the H-measure of
the frontier points in the ball B(w, r) of radius r centered at wα ∈ ∂Cα scales as
H (∂C ∩B(wα, r)) ≈ (r/R)α . (6.1)
The Hausdorff or “fractal dimension” f (α) of the set ∂Cα is such that
Card∂Cα ≈ Rf(α), (6.2)
and defines the multifractal spectrum of the harmonic measure.
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Fig. 23. Multifractal scaling of the potential (or of the harmonic measure) near a charged Brownian
set.
Local Behavior of the Potential
Similarly, one can consider the local behavior of the potential near point wα ∈
∂Cα,
H (z → w ∈ ∂Cα) ≈ (|z − w|/R)α , (6.3)
in the scaling limit a≪ r = |z−w| ≪ R (with a the underlying lattice constant
if one starts from a lattice description before taking the scaling limit a→ 0).
Thus the potential scales with the same α-exponent as the harmonic measure
(6.1) around point wα, and f(α) = dim ∂Cα thus appears as the Hausdorff di-
mension of boundary points inducing the local behavior (6.3) (Fig. 23).14
Equivalent Wedge Angle
In 2D the complex potential ϕ(z) (such that the electrostatic potential H(z) =
ℑϕ(z) and the field’s modulus |E(z)| = |ϕ′(z)|) for a wedge of angle θ, centered
at w (Fig. 24), is
ϕ(z) = (z − w)π/θ . (6.4)
14The local definitions of the exponent α and of f(α) as given in (6.1) and (6.2), or (6.3), are only
heuristic, since the way of taking limits was not explained. For any given point w on the boundary
of a random fractal object, in general no stable local exponents α exist, such that they are obtained
by a “simple limit” to the point. One then proceeds in another way (see, e.g., [108]). Define the set
∂Cα,η of points on the boundary ∂C, w = wα,η , for which there exists a decreasing series of radii
rj , j ∈ N tending towards 0, such that rα+ηj ≤ ω(w, rj) ≤ r
α−η
j . The multifractal spectrum f(α)
is then globally defined as the limit η → 0 of the Hausdorff dimension of the set ∂Cα,η , i.e.,
f(α) = lim
η→0
dim
{
w : ∃ {rj → 0, j ∈ N} : r
α+η
j ≤ ω(w, rj) ≤ r
α−η
j
}
.
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Fig. 24. Wedge of angle θ.
By Eq. (6.3) a Hölder exponent α thus defines a local equivalent “electrostatic”
angle θ = π/α, and the MF dimension fˆ(θ) of the boundary subset with such θ
is
fˆ(θ) = f(α = π/θ). (6.5)
Harmonic Moments
One then considers a covering of the frontier ∂C by balls B(w, r) of radius r, and
centered at points w forming a discrete subset ∂C/r of ∂C. We are interested in
the moments of the harmonic measure content H(w, r) := H(∂C ∩B(w, r)) of
those balls, averaged over all realizations of C
Zn =
〈 ∑
z∈∂C/r
Hn (w, r)
〉
, (6.6)
where n is, a priori, a real number. For very large absorbers C and frontiers ∂C
of average size R, one expects these moments to scale as
Zn ≈ (r/R)τ(n) , (6.7)
where the multifractal scaling exponents τ (n) encode generalized dimensions
D (n) =
τ (n)
n− 1 , (6.8)
which vary in a non-linear way with n [62–65]. Several a priori results are
known. D(0) is the Hausdorff dimension of the accessible frontier of the frac-
tal. By construction, H is a normalized probability measure, so that τ(1) = 0.
Makarov’s theorem [204], here applied to the Hölder regular curve describing the
frontier [205], gives the so-called information dimension τ ′ (1) = D (1) = 1.
The multifractal spectrum f (α) appearing in (6.2) is given by the symmetric
Legendre transform of τ (n):
α =
dτ
dn
(n) , τ (n) + f (α) = αn, n =
df
dα
(α) . (6.9)
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Fig. 25. Representation of moments (6.6) by a packet of n independent Brownian paths diffusing
away from a SAW, or equivalently from a Brownian frontier, from a short distance r to a large
distance R.
Because of the statistical ensemble average (6.6), values of f (α) can become
negative for some domains of α [71].
6.2. Calculation of Multifractal Exponents from Quantum Gravity
Let us now give the main lines of the derivation of exponents τ (n), hence f(α),
via conformal invariance and quantum gravity [90]. The recent joint work with
I. A. Binder [156] on harmonic (mixed) spectra for SLE establishes rigorously
these multifractal results. (See also [157].)
Representation of Moments by Random Walks
By the very definition of the H-measure, n independent RW’s or Brownian mo-
tions diffusing away from the absorber, i.e., from the cluster’s hull’s frontier ∂C,
and diffusing without hitting ∂C, give a geometric representation of the nth mo-
ment Hn, in Eq. (6.6) for n integer (Fig. 25). Convexity arguments yield the
analytic continuation to arbitrary n’s.
Recall the notation A ∧ B for two random sets required to traverse, without
mutual intersection, the annulusD (r, R) from the inner boundary circle of radius
r to the outer one at distance R, and A ∨ B for two independent, thus possibly
intersecting, sets. With this notation, one can define, as in Eq. (4.3), a grand
canonical partition function which describes the star configuration of the Brow-
nian paths B and cluster C: ∂C ∧ n := ∂C ∧ (∨B)n. At the critical point, it is
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expected to scale for r/R→ 0 as
ZR (∂C ∧ n) ≈ (r/R)x(n)+··· , (6.10)
where the scaling exponent
x (n) := x (∂C ∧ n) (6.11)
depends on n and is associated with the conformal operator creating the star
vertex ∂C ∧ n. The dots after exponent x(n) express the fact that there may
be an additional contribution to the exponent, independent of n, corresponding
to the entropy associated with the extremities of the random frontier (see, e.g.,
Eq. (4.3)).
By normalization, this contribution actually does not appear in the multifractal
moments. Since H is a probability measure, the sum (6.6) is indeed normalized
as
Zn=1 = 1, (6.12)
or in terms of star partition functions:
Zn = ZR (∂C ∧ n) /ZR (∂C ∧ 1) . (6.13)
The scaling behavior (6.10) thus gives
Zn ≈ (r/R)x(n)−x(1). (6.14)
The last exponent actually obeys the identity x(1) = x (∂C ∧ 1) = 2, which will
be obtained directly, and can also be seen as a consequence of Gauss’s theorem
in two dimensions [71]. Thus we can also write as in (5.2)
Zn = (R/r)2 PR (∂C ∧ n) , (6.15)
where PR (∂C ∧ n) is a (grand-canonical) excursion measure from r to R for the
random set ∂C ∧ n, with proper scaling PR ≈ (r/R)x(n). The factor (R/r)2 is
the area scaling factor of the annulusD(r, R).
Owing to Eqs. (6.7) (6.14) we get
τ (n) = x(n)− x (1) = x (n)− 2. (6.16)
Proper Scaling Dimensions
In the absence of diffusing Brownian paths, conformally invariant scaling curves
possess their own scaling dimensions. Typically, for a single scaling curve, like,
e.g., a self-avoiding path, there are three possible environments, corresponding
62 B. Duplantier
Fig. 26. Scaling dimensions along a single conformally invariant curve.
to the neighborhoods of the tip, with scaling dimension x1, of a point inside the
curve (x2), or of a boundary point (x˜1). In these notations, the subscript obvi-
ously corresponds to the number of path components attached to the considered
point (Fig. 26). Generalizations are given by star exponents xL and x˜L, associ-
ated with multiple paths, as in sections 4 or 10.4 below.
The Hausdorff dimension of the curve is related to the scaling dimension x2
in a well-known way: DH = 2− x2.
Quantum Gravity
To calculate exponents, we again use the fundamental mapping between the con-
formal field theory, describing a critical statistical system in the plane C or half-
plane H, and the same CFT in presence of quantum gravity [56–58]. Two uni-
versal functions U and V , which now depend on the central charge c of the CFT,
describe the KPZ map between conformal dimensions in bulk or boundary QG
and those in the standard plane or half-plane:
U (x) = Uγ (x) := x
x − γ
1 − γ , V (x) = Vγ (x) =
1
4
x2 − γ2
1− γ , (6.17)
with
Vγ (x) := Uγ
(
1
2
(x+ γ)
)
. (6.18)
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The parameter γ is the string susceptibility exponent of the random 2D surface
(of genus zero), bearing the CFT of central charge c [56]; γ is the solution of
c = 1− 6γ2(1 − γ)−1, γ ≤ 0. (6.19)
In order to simplify the notation, we shall hereafter in this section drop the sub-
script γ from functions U and V .
The functionU maps quantum gravity conformal weights, whether in the bulk
or on a boundary, into their counterparts in C or H, as in (3.10) (3.12). The
function V has been tailored to map quantum gravity boundary dimensions to
the corresponding conformal dimensions in the full plane C, as in (3.63) (3.64).
The positive inverse function of U , U−1, is
U−1 (x) =
1
2
(√
4(1− γ)x+ γ2 + γ
)
, (6.20)
and transforms the conformal weights of a conformal operator in C or H into the
conformal weights of the same operator in quantum gravity, in the bulk or on the
boundary.
Boundary Additivity Rule
Consider two arbitrary random setsA,B,with boundary scaling exponents x˜ (A),
x˜ (B) in the half-planeH with Dirichlet boundary conditions. When these two
sets are mutually-avoiding, the scaling exponent x (A ∧B) in C, as in (6.11), or
x˜ (A ∧B) in H have the universal structure [84, 85, 90]
x (A ∧B) = 2V [U−1 (x˜ (A)) + U−1 (x˜ (B))] , (6.21)
x˜ (A ∧B) = U [U−1 (x˜ (A)) + U−1 (x˜ (B))] . (6.22)
We have seen these fundamental relations in the c = 0 case above; they are
established for the general case in Ref. [1]. U−1 (x˜) is, on the random disk with
Dirichlet boundary conditions, the boundary scaling dimension corresponding to
x˜ in the half-plane H, and in Eqs. (6.21) (6.22)
U−1 (x˜ (A ∧B)) = U−1 (x˜ (A)) + U−1 (x˜ (B)) (6.23)
is a linear boundary exponent corresponding to the fusion of two “boundary oper-
ators” on the random disk, under the Dirichlet mutual avoidance conditionA∧B.
This quantum boundary conformal dimension is mapped back by V to the scaling
dimension in C, or by U to the boundary scaling dimension in H [90].
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Fig. 27. Illustration of the additivity rule (6.24): each of the two non-intersecting strands of a simple
random path defines its own boundary sector of the random disk near the Dirichlet boundary.
Exponent Construction
For determining the harmonic exponents x(n) (6.11), we use (6.21) for A = ∂C
and B = (∨B)n.
• We first need the boundary (conformal) scaling dimension (b.s.d.) x˜2 :=
x˜ (∂C) associated with the presence of the random frontier near the Dirichlet
boundary H. Since this frontier is simple, it can be seen as made of two non-
intersecting semi-infinite strands (Fig. 27). Its b.s.d. in quantum gravity thus
obeys (6.23)
U−1 (x˜2) = 2U
−1 (x˜1) , (6.24)
where x˜1 is the boundary scaling dimension of a semi-infinite frontier path orig-
inating at the boundary of H.
• As before, the packet of n independent Brownian paths has a boundary scaling
dimension x˜ ((∨B)n) = n.
• From (6.23) the QG boundary dimension of the whole set is (see Fig. 28):
∆˜ := U−1 [x˜ (∂C ∧ n)] = 2U−1 (x˜1) + U−1 (n) . (6.25)
Its associated QG bulk conformal dimension is therefore ∆ = 12 (∆˜ + γ). From
Eqs. (6.18) or (6.21) we finally find
x (n) = 2U(∆) = 2V (∆˜)
= 2V
[
2U−1 (x˜1) + U
−1 (n)
]
. (6.26)
The whole construction is illustrated in Fig. 28.
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Fig. 28. The quantum gravity construction (6.24) (6.25) of exponents (6.26).
• The value of the QG b.s.d. of a simple semi-infinite random path is
U−1 (x˜1) =
1
2
(1 − γ). (6.27)
It is derived in section 10.2 below from the exponents of the O(N) model, or of
the SLE. It can be directly derived from Makarov’s theorem:
α(n = 1) = τ ′(n = 1) =
dx
dn
(n = 1) = 1, (6.28)
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which, applied to (6.26), leads to the same result. We thus finally get
x (n) = 2V
(
1− γ + U−1 (n)) = 2U (1
2
+
1
2
U−1 (n)
)
. (6.29)
This result satisfies the identity: x(1) = 2U(1) = 2, which is related to Gauss’s
theorem, as mentioned above.
Multifractal Exponents
• The multifractal exponents τ(n) (6.16) are obtained from (6.17-6.20) as [90]
τ (n) = x(n)− 2
=
1
2
(n− 1) + 1
4
2− γ
1− γ [
√
4(1− γ)n+ γ2 − (2 − γ)] . (6.30)
Similar exponents, but associated with moments taken at the tip, later appeared
in the context of the SLE process (see II in Ref. [96], and [207]; see also [208]
for Laplacian random walks.) The whole family will be given in section 10.6.
• The Legendre transform is easily performed to yield:
α =
dτ
dn
(n) =
1
2
+
1
2
2− γ√
4(1− γ)n+ γ2 ; (6.31)
f (α) =
1
8
(2− γ)2
1− γ
(
3− 1
2α− 1
)
− 1
4
γ2
1− γα, (6.32)
α ∈ ( 12 ,+∞) .
It is convenient to express the results in terms of the central charge c with the
help of:
1
4
(2− γ)2
1− γ =
25− c
24
;
1
4
γ2
1− γ =
1− c
24
. (6.33)
We finally find the
• Multifractal Exponents
τ (n) =
1
2
(n− 1) + 25− c
24
(√
24n+ 1− c
25− c − 1
)
, (6.34)
D (n) =
τ (n)
n− 1 =
1
2
+
(√
24n+ 1− c
25− c + 1
)−1
, (6.35)
n ∈
[
n∗ = −1− c
24
,+∞
)
;
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• Multifractal Spectrum
α =
dτ
dn
(n) =
1
2
+
1
2
√
25− c
24n+ 1− c ; (6.36)
f (α) =
25− c
48
(
3− 1
2α− 1
)
− 1− c
24
α, (6.37)
α ∈
(
1
2
,+∞
)
.
Other Multifractal Exponents
This formalism immediately allows generalizations. For instance, in place of a
packet of n independent random walks, one can consider a packet of n indepen-
dent self-avoiding walks P , which avoid the fractal boundary. The associated
multifractal exponents x (∂C ∧ (∨P)n) are given by (6.29), with the argument
n in U−1(n) simply replaced by x˜ ((∨P)n) = nx˜ (P) = 58n [84]. These expo-
nents govern the universal multifractal behavior of the moments of the probability
that a SAW escapes from C. One then gets a spectrum f¯ (α¯) such that
f¯ (α¯ = x˜ (P)α) = f (α = π/θ) = fˆ(θ),
thus unveiling the same invariant underlying wedge distribution as the harmonic
measure (see also [89]).
6.3. Geometrical Analysis of Multifractal Spectra
Makarov’s Theorem
The generalized dimensionsD(n) satisfy, for any c, τ ′(n = 1) = D(n = 1) = 1,
or equivalently f(α = 1) = 1, i.e., Makarov’s theorem [204], valid for any sim-
ply connected boundary curve. From (6.35), (6.36) we also note a fundamental
relation, independent of c:
3− 2D(n) = 1/α = θ/π. (6.38)
We also have the superuniversal bounds: ∀c, ∀n, 12 = D(∞) ≤ D(n) ≤ D(n∗) =
3
2 , corresponding to 0 ≤ θ ≤ 2π.
An Invariance Property of f(α)
It is interesting to note that the general multifractal function (6.37) can also be
written as
f (α)− α = 25− c
24
[
1− 1
2
(
2α− 1 + 1
2α− 1
)]
. (6.39)
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Thus the multifractal function possesses the invariance symmetry
f (α)− α = f (α′)− α′, (6.40)
for α and α′ satisfying the duality relation:
(2α− 1)(2α′ − 1) = 1, (6.41)
or, equivalently α−1 + α′−1 = 2. When associating an equivalent electrostatic
wedge angle θ = π/α to each local singularity exponent α, one gets the comple-
mentary rule for angles in the plane
θ + θ′ =
π
α
+
π
α′
= 2π. (6.42)
Notice that by definition of the multifractal dimension f (α), Rf(α)−α is the total
harmonic measure content of points of type α or equivalent angle θ = π/α along
the multifractal frontier. The symmetry (6.40) thus means that this harmonic
content is invariant when taken at the complementary angle in the plane 2π − θ.
The basic symmetry (6.40) thus reflects that of the external frontier itself under
the exchange of interior and exterior domains.
It is also interesting to note that, owing to the explicit forms (6.35) of D(n)
and (6.36) of α, the condition (6.42) becomes, after a little algebra,
D(n) +D(n′) = 2. (6.43)
This basic interior-exterior symmetry, first observed [206] for the c = 0 result
of [84], is valid for any conformally invariant boundary.
Equivalent Wedge Distribution
The geometrical multifractal distribution of wedges θ along the boundary takes
the form:
fˆ(θ) = f
(π
θ
)
=
π
θ
− 25− c
12
(π − θ)2
θ(2π − θ) . (6.44)
Remarkably enough, the second term also describes the contribution by a wedge
to the density of electromagnetic modes in a cavity [209]. The simple shift in
(6.44), 25 → 25 − c, from the c = 0 case to general values of c, can then
be related to results of conformal invariance in a wedge [210]. The partition
function for the two sides of a wedge of angle θ and size R, in a CFT of central
charge c, indeed scales as [211]
Zˆ(θ, c) ≈ R−c(π−θ)2/12 θ(2π−θ) . (6.45)
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Thus, one can view the c dependance of result (6.44) as follows: the number
of sites, Rfˆ(θ,c), with local wedge angle θ along a random path with central
charge c, is the same as the number of sites, Rfˆ(θ,c=0), with wedge angle θ
along a self-avoiding walk (c = 0), renormalized by the partition function Zˆ(θ, c)
representing the presence of a c-CFT along such wedges:
Rfˆ(θ,c) ∝ Rfˆ(θ,c=0)/Zˆ(θ, c).
Hausdorff Dimension of the External Perimeter
The maximum of f(α) corresponds to n = 0, and gives the Hausdorff dimension
DEP of the support of the measure, i.e., the accessible or external perimeter as:
DEP = supαf(α) = f(α(n = 0)) (6.46)
= D(0) =
3− 2γ
2(1− γ) =
3
2
− 1
24
√
1− c (√25− c−√1− c) .(6.47)
This corresponds to a typical sigularity exponent
αˆ = α(0) = 1− 1
γ
=
(
1
12
√
1− c (√25− c−√1− c))−1 = (3−2DEP)−1 ,
(6.48)
and to a typical wedge angle
θˆ = π/αˆ = π(3− 2DEP) . (6.49)
Probability Densities
The probability P (α) to find a singularity exponent α or, equivalently, Pˆ (θ) to
find an equivalent opening angle θ along the frontier is
P (α) = Pˆ (θ) ∝ Rf(α)−f(αˆ) . (6.50)
Using the values found above, one can recast this probability as (see also [89])
P (α) = Pˆ (θ) ∝ exp
[
− 1
24
lnR
(√
1− c√ω −
√
25− c
2
√
ω
)2]
, (6.51)
where
ω := α− 1
2
=
π
θ
− 1
2
.
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Fig. 29. Universal multifractal exponents τ(n) (6.34). The curves are indexed by the central charge
c: 2D spanning trees (c = −2); self-avoiding or random walks, and percolation (c = 0); Ising
clusters or Q = 2 Potts clusters (c = 1
2
); N = 2 loops, or Q = 4 Potts clusters (c = 1). The curves
are almost indistinguishable at the scale shown.
Universal Multifractal Data
The multifractal exponents τ(n) (Fig. 29) or the generalized dimensions D(n)
(Fig. 30) appear quite similar for various values of c, and a numerical simulation
would hardly distinguish the different universality classes, while the f(α) func-
tions, as we see in Fig. 31, do distinguish these classes, especially for negative
n, i.e. large α. In Figure 31 we display the multifractal functions f , Eq. (6.37),
corresponding to various values of −2 ≤ c ≤ 1, or, equivalently, to a number of
componentsN ∈ [0, 2], and Q ∈ [0, 4] in the O(N) or Potts models (see below).
Needles
The singularity at α = 12 , or θ = 2π, in the multifractal functions f , or fˆ , cor-
responds to boundary points with a needle local geometry, and Beurling’s theo-
rem [212] indeed insures that the Hölder exponents α are bounded below by 12 .
This corresponds to large values of n, where, asymptotically, for any universality
class,
∀c, lim
n→∞
D(n) =
1
2
. (6.52)
Fjords
The right branch of f (α) has a linear asymptote
lim
α→∞
f (α) /α = n∗ = −(1− c)/24. (6.53)
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Fig. 30. Universal generalized dimensions D(n) (6.35). The curves are indexed as in Fig. 29 and are
almost indistinguishable at the scale shown.
The α → ∞ behavior corresponds to moments of lowest order n → n∗, where
D(n) reaches its maximal value: ∀c,D(n∗) = 32 , common to all simply con-
nected, conformally-invariant, boundaries. Its linear shape is quite reminiscent
of that of the multifractal function of the growth probability as in the case of a
2D DLA cluster [213]. This describes almost inaccessible sites: Define N (H)
as the number of boundary sites having a given probability H to be hit by a RW
starting at infinity; the MF formalism yields, for H → 0, a power law behavior
N (H) |H→0 ≈ H−(1+n∗) (6.54)
with an exponent
1 + n∗ =
23 + c
24
< 1. (6.55)
RW’s, SAW’s and Percolation
Brownian paths, scaling self-avoiding walks and critical percolation clusters all
correspond to CFT’s with c = 0, for which we find
τ (n) =
1
2
(n− 1) + 5
24
(√
24n+ 1− 5) , (6.56)
D (n) =
1
2
+
5√
24n+ 1 + 5
, n ∈
[
− 1
24
,+∞
)
, (6.57)
f (α) =
25
48
(
3− 1
2α− 1
)
− α
24
, α ∈
(
1
2
,+∞
)
, (6.58)
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Fig. 31. Universal harmonic multifractal spectra f(α) (6.37). The curves are indexed by the central
charge c, and correspond to: 2D spanning trees (c = −2); self-avoiding or random walks, and
percolation (c = 0); Ising clusters or Q = 2 Potts clusters (c = 1
2
); N = 2 loops, or Q = 4 Potts
clusters (c = 1). The maximal dimensions are those of the accessible frontiers. The left branches
of the various f(α) curves are largely indistinguishable, while their right branches split for large α,
corresponding to negative values of n.
where we recognize in particular the percolation exponents (5.10, 5.11). We thus
have the general result:
In two dimensions, the harmonic multifractal exponents τ(n) and spectra f (α)
of a random walk, a critical percolation cluster, and a self-avoiding walk are
identical in the scaling limit.
The external frontier of a Brownian path and the accessible perimeter of a per-
colation cluster are identical to a self-avoiding walk in the scaling limit, with
Hausdorff dimension DEP = supαf(α, c = 0) = 4/3, i.e., the Mandelbrot
conjecture.
Ising Clusters
A critical Ising cluster (c = 12 ) possesses a multifractal spectrum with respect to
the harmonic measure:
τ (n) =
1
2
(n− 1) + 7
48
(√
48n+ 1− 7) , (6.59)
f (α) =
49
96
(
3− 1
2α− 1
)
− α
48
, α ∈
(
1
2
,+∞
)
, (6.60)
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with the dimension of the accessible perimeter
DEP = supαf(α, c = 1/2) =
11
8
. (6.61)
Q = 4 Potts Clusters, and “Ultimate Norway”
The limit multifractal spectrum is obtained for c = 1, which is an upper or lower
bound for all c’s, depending on the position of α with respect to 1:
f(α, c < 1) < f(α, c = 1), 1 < α,
f(α = 1, c) = 1, ∀c,
f(α, c < 1) > f(α, c = 1), α < 1.
This MF spectrum provides an exact example of a left-sided MF spectrum, with
an asymptote f (α→∞, c = 1) → 32 (Fig. 31). It corresponds to singular
boundaries where fˆ (θ → 0, c = 1) = 32 = DEP, i.e., where the external perime-
ter is everywhere dominated by “fjords”, with typical angle θˆ = 0. It is tempting
to call it the “ultimate Norway”.
The frontier of a Q = 4 Potts Fortuin-Kasteleyn cluster, or the SLEκ=4 pro-
vide such an example for this left-handed multifractal spectrum (c = 1) (see
section 9). The MF data are:
τ (n) =
1
2
(n− 1) +√n− 1, (6.62)
f (α) =
1
2
(
3− 1
2α− 1
)
, α ∈
(
1
2
,+∞
)
, (6.63)
with accessible sites forming a set of Hausdorff dimension
DEP = supαf(α, c = 1) =
3
2
, (6.64)
which is also the maximal value common to all multifractal generalized dimen-
sions D(n) = 1n−1τ(n). The external perimeter which bears the electrostatic
charge is a non-intersecting simple path. We therefore arrive at the striking con-
clusion that in the plane, a conformally-invariant scaling curve which is simple
has a Hausdorff dimension at most equal to DEP = 3/2 [90]. The corresponding
Q = 4 Potts frontier, while still possessing a set of double points of dimension 0,
actually develops a logarithmically growing number of double points [214]. The
values of the various Hausdorff dimensions predicted for Potts clusters have been
verified in a nice numerical study [194, 214].
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Fig. 32. Double distribution of potential H on both sides of a simple scaling curve (here a SAW).
The local exponents on both sides of point w = wα,α′ are α and α′. The Hausdorff dimension of
such points along the SAW is f2(α, α′).
7. HIGHER MULTIFRACTAL SPECTRA
It is interesting to note that one can define higher multifractal spectra as those
depending on several α variables [87]. A first example is given by the double
moments of the harmonic measure on both sides of a random path.
7.1. Double-Sided Spectra
Double-Sided Potential
When it is simple, i.e., double point free, a conformally scaling curve C can be
reached from both sides. Notice, however, that one can also address the case of
non-simple random paths, by concentrating on the double-sided potential near
cut-points. For a Brownian path for instance, one can consider the subset of
pinching or cut-points, of Hausdorff dimension D = 2 − 2ζ2 = 3/4, where the
path splits into two non-intersecting parts. The path is then locally accessible
from both directions.
Taking Dirichlet boundary conditions on the random curve, one can then con-
sider the joint distribution of potential on both sides, such that the potential scales
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as
H+ (z → w ∈ ∂Cα,α′) ≈ |z − w|α, (7.1)
when approaching w on one side of the scaling curve, while scaling as
H− (z → w ∈ ∂Cα,α′) ≈ |z − w|α′ , (7.2)
on the other side (Fig. 32). The multifractal formalism now characterizes subsets
Cα,α′ of boundary sites w with two such Hölder exponents, α, α′, by their Haus-
dorff dimension f2 (α, α′) := dim (Cα,α′). The standard one-sided multifractal
spectrum f(α) is then recovered as the supremum:
f(α) = supα′f2 (α, α
′) . (7.3)
Equivalent Wedges
As above, one can also define two equivalent “electrostatic” angles from singu-
larity exponents α, α′, as θ = π/α, θ′ = π/α′ and the dimension fˆ2(θ, θ′) of the
boundary subset with such θ, θ′ is then
fˆ2(θ, θ
′) := f2(α = π/θ, α
′ = π/θ′). (7.4)
Double Harmonic Moments
As before, instead of considering directly the potential H, one can consider
equivalently the harmonic measure. Let H (w, r) := H(C ∩ B(w, r)) be the
harmonic measure (as seen from “infinity”) of the intersection of C and the ball
B(w, r) centered at point w ∈ C. Let us consider a covering of the path by such
balls centered at points forming a discrete subset C/r of C.
Define the double moments of the harmonic measure:
Zn,n′ =
〈 ∑
w∈C/r
[H+(w, r)]
n
[H−(w, r)]
n′
〉
, (7.5)
where H+(w, r) and H−(w, r) are respectively the harmonic measures on the
“left” or “right” sides of the random path. These moments are represented by
two packets of n and n′ independent Brownian paths diffusing away from the
fractal path (Fig. 33).
They have a multifractal scaling behavior
Zn,n′ ≈ (r/R)τ2(n,n
′) , (7.6)
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Fig. 33. Representation of the double moments (7.5) by two packets of n and n′ independent Brow-
nian paths diffusing away from a SAW.
where the exponent τ2 (n, n′) now depends on two moment orders n, n′. A Haus-
dorff dimension is given by the double Legendre transform:
α =
∂τ2
∂n
(n, n′) , α′ =
∂τ2
∂n′
(n, n′) ,
f2 (α, α
′) = αn+ α′n′ − τ2 (n, n′) , (7.7)
n =
∂f2
∂α
(α, α′) , n′ =
∂f2
∂α′
(α, α′) .
It yields the dimension of the subset Cα,α′ of frontier points wα,α′ , where the
potential H scales as in Eqs. (7.1-7.2), or where the harmonic content of a ball
B(wα,α′ , r) scales as (r/R)α on one side, and (r/R)α
′
on the other.
From definition (7.5) and Eq. (7.6), we recover for n′ = 0 the one-sided
multifractal exponents
τ (n) = τ2 (n, n
′ = 0) , (7.8)
and putting these values in the Legendre transform (7.7) yields identity (7.3), as
it must.
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One and Two-Sided Cases
In analogy to Eqs. (6.16), (6.26), the exponent τ2(n, n′) is associated with a
scaling dimension x2(n, n′), calculated in the quantum gravity formalism in a
way similar to (6.29) [1, 95]:
τ2(n, n
′) = x2(n, n
′)− 2
x2(n, n
′) = 2V
[
1− γ + U−1 (n) + U−1 (n′)] . (7.9)
The two-sided multifractal spectrum is then obtained by a double Legendre trans-
form as [1, 95]
f2 (α, α
′) =
25− c
12
− 1
2(1− γ)
[
1− 1
2
(
1
α
+
1
α′
)]−1
−1− c
24
(α+ α′) , (7.10)
α =
1√
4(1− γ)n+ γ2
[
1 +
1
2
(√
4(1− γ)n+ γ2 +
√
4(1− γ)n′ + γ2
)]
,
(7.11)
with a similar symmetric equation for α′. This doubly multifractal spectrum
possesses the desired property
supα′f2(α, α
′) = f(α),
where f(α) is (6.37) above. The domain of definition of the doubly multifractal
function f2 is independent of c and given by
1− 1
2
(
α−1 + α′
−1
)
≥ 0, (7.12)
in accordance to Eq. (7.10). The domain of definition of distribution fˆ2 is the
image of domain (7.12) in θ-variables:
θ + θ′ ≤ 2π. (7.13)
The total electrostatic angle is thus less than 2π, which simply accounts for the
electrostatic screening of local wedges by fractal randomness, as expected.
Notice finally that there also exists a single-sided distribution [1]
f1(α) =
25− c
12
− 1
8(1− γ)
(
1− 1
2α
)
− 1− c
24
α, (7.14)
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which corresponds to the potential distribution in the vicinity of the tip of a
conformally-invariant scaling path, and naturally differs from the usual f(α) =
supα′f2(α, α
′)) spectrum, which describes the potential on one side of the scal-
ing path.
Brownian and SAW’s Double Spectra
In the case of a Brownian path or a self-avoiding walk, one obtains [1, 95]
f2 (α, α
′) =
25
12
− 1
3
a2B,P
[
1− 1
2
(
1
α
+
1
α′
)]−1
− 1
24
(α+ α′) ,
aB =
3
2
(RW), aP = 1 (SAW).
These doubly multifractal spectra thus are different for RW’s and SAW’s. The
SAW spectrum corresponds to (7.10) for c = 0, γ = −1/2, and possesses the
required property
fP (α) := supα′f2,P (α, α
′) = f(α),
where f(α) is (6.58) above. For a Brownian path, the one-sided spectrum
fB(α) := supα′f2,B(α, α
′) =
51
48
− 49
48
1
2α− 1 −
α
24
,
such that fB(α) < f(α), gives the spectrum of cut-points along the Brownian
frontier. This set of Hausdorff dimension 34 < 1 is disconnected, and fB(α =
1) = 0, in contrast to Makarov’s theorem, f(α = 1) = 1, for any connected set
in the plane.
7.2. Higher Multifractality of Multiple Path Vertices
One can consider a star configuration SL of a numberL of similar simple scaling
paths, all originating at the same vertex w. Higher moments can then be defined
by looking at the joint distribution of the harmonic measure contents in each
sector between the arms. We shall not describe this general case here, which can
be found in full detail in Ref. [1].
8. WINDING OF CONFORMALLY INVARIANT CURVES
Another important question arises concerning the geometry of the equipotential
lines near a random (CI) fractal curve. These lines are expected to rotate wildly,
or wind, in a spiralling motion that closely follows the boundary itself. The key
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Fig. 34. A double logarithmic spiral mimicking the local geometry of the two strands of the
conformally-invariant frontier path.
geometrical object is here the logarithmic spiral, which is conformally invariant
(Fig. 34). The MF description should generalize to a mixed multifractal spectrum,
accounting for both scaling and winding of the equipotentials [108].
In this section, we describe the exact solution to this mixed MF spectrum for
any random CI curve [109]. In particular, it is shown to be related by a scal-
ing law to the usual harmonic MF spectrum. We use the same conformal tools
as before, fusing quantum gravity and Coulomb gas methods, which allow the
description of Brownian paths interacting and winding with CI curves, thereby
providing a probabilistic description of the potential map near any CI curve. With
I. A. Binder, we have also obtained recently a rigorous derivation of this spec-
trum for the SLE [156].
8.1. Harmonic Measure and Rotations
Consider again a (CI) critical random cluster, or scaling curve, generically called
C. Let H (z) be the potential at an exterior point z ∈ C, with Dirichlet boundary
conditions H (w ∈ ∂C) = 0 on the outer (simply connected) boundary ∂C of C,
and H(w) = 1 on a circle “at ∞”, i.e., of a large radius scaling like the average
size R of C. As we have seen, the potential H (z) is identical to the probability
that a Brownian path started at z escapes to “∞” without having hit C.
Let us now consider the degree with which the curves wind in the complex
plane about point w and call ϕ(z) = arg (z − w). In the scaling limit, the mul-
tifractal formalism, here generalized to take into account rotations [108], charac-
terizes subsets ∂Cα,λ of boundary sites by a Hölder exponent α, and a rotation
rate λ, such that their potential lines respectively scale and logarithmically spiral
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as
H (z → w ∈ ∂Cα,λ) ≈ rα,
ϕ (z → w ∈ ∂Cα,λ) ≈ λ ln r , (8.1)
in the limit r = |z −w| → 0. The Hausdorff dimension dim (∂Cα,λ) = f (α, λ)
defines the mixed MF spectrum, which is CI since under a conformal map both
α and λ are locally invariant.
As above, we consider the harmonic measure H (w, r), which is the integral
of the Laplacian of H in a disk B(w, r) of radius r centered at w ∈ ∂C, i.e.,
the boundary charge in that disk. It scales as rα with the same exponent as in
(8.1), and is also the probability that a Brownian path started at large distance R
first hits the boundary at a point inside B(w, r). Let ϕ(w, r) be the associated
winding angle of the path down to distance r from w. The mixed moments of H
and eϕ, averaged over all realizations of C, are defined as
Zn,p =
〈 ∑
w∈∂C/r
Hn (w, r) exp (pϕ(w, r))
〉
≈ (r/R)τ(n,p) , (8.2)
where the sum runs over the centers of a covering of the boundary by disks of
radius r, and where n and p are real numbers. As before, the nth moment of
H (w, r) is the probability that n independent Brownian paths diffuse along the
boundary and all first hit it at points inside the disk B(w, r). The angle ϕ(w, r)
is then their common winding angle down to distance r (Fig. 35).
R r
Fig. 35. Two-sided boundary curve ∂C and Brownian n-packet winding together from the disk of
radius r up to distances of order R, as measured by the winding angle ϕ(w, r) = arg(∂C ∧ n) as in
(8.2) and in (8.9).
The scaling limit in (8.2) involves multifractal scaling exponents τ (n, p)which
vary in a non-linear way with n and p. They give the multifractal spectrum
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f (α, λ) via a symmetric double Legendre transform:
α =
∂τ
∂n
(n, p) , λ =
∂τ
∂p
(n, p) ,
f (α, λ) = αn+ λp− τ (n, p) ,
n =
∂f
∂α
(α, λ) , p =
∂f
∂λ
(α, λ) . (8.3)
Because of the ensemble average (8.2), f (α, λ) can become negative for some
α, λ.
8.2. Exact Mixed Multifractal Spectra
The 2D conformally invariant random statistical system is labelled by its central
charge c, c ≤ 1 [19]. The main result is the following exact scaling law [109]:
f(α, λ) = (1 + λ2)f
(
α
1 + λ2
)
− bλ2 , (8.4)
b :=
25− c
12
≥ 2 ,
where f (α) = f (α, λ = 0) is the usual harmonic MF spectrum in the absence
of prescribed winding, first obtained in Ref. [90], and described in section 6,
Eq. (6.37). It can be recast as:
f(α) = α+ b− bα
2
2α− 1 , (8.5)
b =
25− c
12
.
We thus arrive at the very simple formula for the mixed spectrum:
f(α, λ) = α+ b− bα
2
2α− 1− λ2 . (8.6)
Notice that by conformal symmetry
supλf(α, λ) = f(α, λ = 0),
i.e., the most likely situation in the absence of prescribed rotation is the same as
λ = 0, i.e. winding-free. The domain of definition of the usual f(α) (8.6) is
1/2 ≤ α [212], thus for λ-spiralling points Eq. (8.4) gives
1
2
(1 + λ2) ≤ α , (8.7)
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in agreement with a theorem by Beurling [108, 212].
We have seen in section 6.3 the geometrical meaning to the exponent α: For
an angle with opening θ, α = π/θ, and the quantity π/α can be regarded as a
local generalized angle with respect to the harmonic measure. The geometrical
MF spectrum of the boundary subset with such opening angle θ and spiralling
rate λ reads from (8.6)
fˆ(θ, λ) ≡ f
(
α =
π
θ
, λ
)
=
π
θ
+ b− bπ
2
(
1
θ
+
1
2π
1+λ2 − θ
)
.
As in (8.7), the domain of definition in the θ variable is
0 ≤ θ ≤ θ(λ), θ(λ) = 2π/(1 + λ2).
The maximum is reached when the two frontier strands about point w locally
collapse into a single λ-spiral, whose inner opening angle is θ(λ) [212].
In the absence of prescribed winding (λ = 0), the maximumDEP := DEP(0) =
supαf(α, λ = 0) gives the dimension of the external perimeter of the fractal
cluster, which is a simple curve without double points, and may differ from the
full hull [86, 90]. Its dimension (6.47) reads in this notation
DEP =
1
2
(1 + b)− 1
2
√
b(b− 2), b = 25− c
12
.
It corresponds to typical values αˆ = α(n = 0, p = 0) and θˆ = π/αˆ = π(3 −
2DEP).
For spirals, the maximum value DEP(λ) = supαf(α, λ) still corresponds in
the Legendre transform (8.3) to n = 0, and gives the dimension of the subset of
the external perimeter made of logarithmic spirals of type λ. Owing to (8.4) we
immediately get
DEP(λ) = (1 + λ
2)DEP − bλ2 . (8.8)
This corresponds to typical scaled values
αˆ(λ) = (1 + λ2)αˆ, θˆ(λ) = θˆ/(1 + λ2).
Since b ≥ 2 and DEP ≤ 3/2, the EP dimension decreases with spiralling rate, in
a simple parabolic way.
Fig. 36 displays typical multifractal functions f(α, λ; c). The example choosen,
c = 0, corresponds to the cases of a SAW, or of a percolation EP, the scaling lim-
its of which both coincide with the Brownian frontier [84, 85, 88]. The original
singularity at α = 12 in the rotation free MF functions f(α, 0), which describes
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Fig. 36. Universal multifractal spectrum f(α, λ) for c = 0 (Brownian frontier, percolation EP and
SAW), and for three different values of the spiralling rate λ. The maximum f(3, 0) = 4/3 is the
Hausdorff dimension of the frontier.
boundary points with a needle local geometry, is shifted for λ 6= 0 towards
the minimal value (8.7). The right branch of f (α, λ) has a linear asymptote
limα→+∞ f (α, λ) /α = −(1− c)/24. Thus the λ-curves all become parallel for
α→ +∞, i.e., θ → 0+, corresponding to deep fjords where winding is easiest.
Limit multifractal spectra are obtained for c = 1, which exhibit examples of
left-sided spectra, with a horizontal asymptote f (α→ +∞, λ; c = 1) = 32− 12λ2(Fig. 37). This corresponds to the frontier of a Q = 4 Potts cluster (i.e., the
SLEκ=4), a universal random scaling curve, with the maximum value DEP =
3/2, and a vanishing typical opening angle θˆ = 0, i.e., the “ultimate Norway”
where the EP is dominated by “fjords” everywhere [90, 95]. Fig. 38 displays
the dimension DEP(λ) as a function of the rotation rate λ, for various values
of c ≤ 1, corresponding to different statistical systems. Again, the c = 1 case
shows the least decay with λ, as expected from the predominence of fjords there.
8.3. Conformal Invariance and Quantum Gravity
We now give the main lines of the derivation of exponents τ (n, p), hence f(α, λ)
[109]. As usual, n independent Brownian paths B, starting a small distance r
away from a point w on the frontier ∂C, and diffusing without hitting ∂C, give
a geometric representation of the nth moment, Hn, of the harmonic measure in
Eq. (8.2) for integer n (Fig. 35), extended by convexity to arbitrary n’s. Let us
introduce an abstract (conformal) field operator Φ∂C∧n characterizing the pres-
ence of a vertex where n such Brownian paths and the cluster’s frontier diffuse
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Fig. 37. Left-sided multifractal spectra f(α, λ) for the limit case c = 1, the “ultimate Norway”
(frontier of a Q = 4 Potts cluster or SLEκ=4).
away from each other in the mutually-avoiding configuration ∂C ∧ n [84, 85]; to
this operator is associated a scaling dimension x(n). To measure rotations using
the moments (8.2) we have to consider expectation values with insertion of the
mixed operator
Φ∂C∧ne
p arg(∂C∧n) −→ x (n, p) , (8.9)
where arg(∂C ∧n) is the winding angle common to the frontier and to the Brow-
nian paths (see Fig. (35)), and where x(n, p) is the scaling dimension of the
operator Φ∂C∧nep arg(∂C∧n). It is directly related to τ(n, p) by
x (n, p) = τ (n, p) + 2. (8.10)
For n = 0, one recovers the previous scaling dimension
x(n, p = 0) = x(n), τ(n, p = 0) = τ (n) = x (n)− 2.
As in section 6, we use the fundamental KPZ mapping of the CFT in the plane
C to the CFT on a random Riemann surface, i.e., in presence of 2D quantum
gravity [56], and the universal functions U and V , acting on conformal weights,
which describe the map:
U (x) = x
x− γ
1− γ , V (x) =
1
4
x2 − γ2
1− γ . (8.11)
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Fig. 38. Dimensions DEP(λ) of the external frontiers as a function of rotation rate. The curves
are indexed by increasing central charge c, and correspond respectively to: loop-erased RW (c =
−2; SLE2); Brownian or percolation external frontiers, and self-avoiding walk (c = 0; SLE8/3);
Ising clusters (c = 1
2
; SLE3); Q = 4 Potts clusters (c = 1; SLE4).
with V (x) = U
(
1
2 (x+ γ)
)
. As before, the parameter γ is the solution of c =
1− 6γ2(1− γ)−1, γ ≤ 0.
For the purely harmonic exponents x(n), describing the mutually-avoiding set
∂C ∧ n, we have seen in Eqs. (6.29) and (6.24) that
x(n) = 2V
[
2U−1 (x˜1) + U
−1 (n)
]
, (8.12)
where U−1 (x) is the positive inverse of U ,
2U−1 (x) =
√
4(1− γ)x+ γ2 + γ .
In (8.12), we recall that the arguments x˜1 and n are respectively the boundary
scaling dimensions (b.s.d.) (6.24) of the simple path S1 representing a semi-
infinite random frontier (such that ∂C = S1 ∧ S1), and of the packet of n
Brownian paths, both diffusing into the upper half-plane H. The function U−1
transforms these half-plane b.s.d’s into the corresponding b.s.d.’s in quantum
gravity, the linear combination of which gives, still in QG, the b.s.d. of the
mutually-avoiding set ∂C ∧ n = (∧S1)2 ∧ n. The function V finally maps the
latter b.s.d. into the scaling dimension in C. The path b.s.d. x˜1 (6.24) obeys
U−1 (x˜1) = (1 − γ)/2.
It is now useful to consider k semi-infinite random paths S1, joined at a
single vertex in a mutually-avoiding star configuration Sk =
k︷ ︸︸ ︷
S1 ∧ S1 ∧ · · · S1=
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Fig. 39. Equivalence (8.15) between two simple paths in a mutually-avoiding configuration S2 =
S1 ∧ S1, further avoided by a packet of n independent Brownian motions, and k(n) simple paths in
a mutually-avoiding star configuration Sk(n).
(∧S1)k. (In this notation the frontier near any of its points is a two-star ∂C = S2.)
The scaling dimension of Sk can be obtained from the same b.s.d. additivity rule
in quantum gravity, as in (6.21) or (8.12) [90]
x(Sk) = 2V
[
k U−1 (x˜1)
]
. (8.13)
The scaling dimensions (8.12) and (8.13) coincide when
x(n) = x(Sk(n)) (8.14)
k(n) = 2 +
U−1 (n)
U−1 (x˜1)
. (8.15)
Thus we state the scaling star-equivalence
∂C ∧ n⇐⇒ Sk(n), (8.16)
of two mutually-avoiding simple paths ∂C = S2 = S1 ∧ S1, further avoiding n
Brownian motions, to k(n) simple paths in a mutually-avoiding star configura-
tion Sk(n) (Fig. 39). This equivalence plays an essential role in the computation
of the complete rotation spectrum (8.9).
8.4. Rotation Scaling Exponents
The Gaussian distribution of the winding angle about the extremity of a scaling
path, like S1, was derived in Ref. [34], using exact Coulomb gas methods. The
argument can be generalized to the winding angle of a star Sk about its cen-
ter [215], where one finds that the angular variance is reduced by a factor 1/k2
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(see also [216]). The scaling dimension associated with the rotation scaling op-
erator ΦSke
p arg(Sk) is found by analytic continuation of the Fourier transforms
evaluated there [109]:
x(Sk; p) = x(Sk)− 2
1− γ
p2
k2
,
i.e., is given by a quadratic shift in the star scaling exponent. To calculate the
scaling dimension (8.10), it is sufficient to use the star-equivalence (8.15) above
to conclude that
x(n, p) = x(Sk(n); p) = x(n)− 2
1− γ
p2
k2(n)
,
which is the key to our problem. Using Eqs. (8.15), (8.12), and (8.11) gives the
useful identity:
1
8
(1− γ)k2(n) = x(n)− 2 + b ,
with b = 12
(2−γ)2
1−γ =
25−c
12 . Recalling (8.10), we arrive at the multifractal result:
τ(n, p) = τ(n)− 1
4
p2
τ(n) + b
, (8.17)
where τ(n) = x(n) − 2 corresponds to the purely harmonic spectrum with no
prescribed rotation.
8.5. Legendre Transform
The structure of the full τ -function (8.17) leads by a formal Legendre transform
(8.3) directly to the identity
f(α, λ) = (1 + λ2)f(α¯)− bλ2 ,
where f(α¯) ≡ α¯n− τ(n), with α¯ = dτ(n)/dn, is the purely harmonic MF func-
tion. It depends on the natural reduced variable α¯ à la Beurling (α¯ ∈ [ 12 ,+∞))
α¯ :=
α
1 + λ2
=
dx
dn
(n) =
1
2
+
1
2
√
b
2n+ b− 2 ,
whose expression emerges explicitly from (8.12). Whence Eq.(8.4), QED.
It is interesting to consider also higher multifractal spectra [95]. For a confor-
mally-invariant scaling curve which is simple, i.e., without double points, like the
external frontier ∂C, here taken alone, define the universal function f2(α, α′, λ)
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which gives the Hausdorff dimension of the points where the potential varies
jointly with distance r as rα on one side of the curve, and as rα′ on the other,
given a winding at rate λ. This function is
f2 (α, α
′;λ) = b− 1
2(1− γ)
(
1
1 + λ2
− 1
2α
− 1
2α′
)−1
−b− 2
2
(α+ α′) , (8.18)
and satisfies the generalization of scaling relation (8.4)
f2(α, α
′;λ) = (1 + λ2)f2(α¯, α¯
′; 0)− bλ2 . (8.19)
9. O(N) & POTTS MODELS AND THE STOCHASTIC LÖWNER EVOLUTION
9.1. Geometric Duality in O(N) and Potts Cluster Frontiers
O(N) Model
The O(N) model partition function is that of a gas G of self- and mutually-
avoiding loops on a given lattice, e.g., the hexagonal lattice [24]:
ZO(N) =
∑
G
KNBNNP , (9.1)
where K and N are two fugacities, associated respectively with the total number
of occupied bonds NB , and with the total number of loops NP , i.e., polygons
drawn on the lattice. For N ∈ [−2, 2], this model possesses a critical point
(CP), Kc, while the whole “low-temperature” (low-T ) phase, i.e., Kc < K , has
critical universal properties, where the loops are denser than those at the critical
point [24].
Potts Model
The partition function of theQ-state Potts model [217] on, e.g., the square lattice,
with a second order critical point for Q ∈ [0, 4], has a Fortuin-Kasteleyn (FK)
representation at the CP [218]: ZPotts =
∑
∪(C)Q
1
2NP ,where the configurations
∪(C) are those of unions of FK clusters on the square lattice, with a total number
NP of polygons encircling all clusters, and filling the medial square lattice of
the original lattice [23, 24]. Thus the critical Potts model becomes a dense loop
model, with loop fugacity N = Q 12 , while one can show that its tricritical point
with site dilution [25] corresponds to the O(N) CP [77, 198]. The geometrical
clusters, made of like spins in the (critical) Potts model, have been argued to also
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correspond to the tricritical branch of the Potts model with dilution, [219]. Their
frontiers are then the critical loops of the corresponding O(N) model with the
same central charge, in agreement with RefS. [77, 198].
Coulomb Gas
The O(N) and Potts models thus possess the same “Coulomb gas” representa-
tions [23, 24, 77, 198]:
N =
√
Q = −2 cosπg,
with g ∈ [1, 32 ] for the O(N) CP or tricritical Potts model, and g ∈ [ 12 , 1] for the
low-T O(N) or critical Potts models; the coupling constant g of the Coulomb
gas also yields the central charge:
c = 1− 6(1− g)2/g. (9.2)
Notice that from the expression (6.19) of c in terms of γ ≤ 0 one arrives at the
simple relation:
γ = 1− g, g ≥ 1; γ = 1− 1/g, g ≤ 1. (9.3)
The above representation for N =
√
Q ∈ [0, 2] gives a range of values −2 ≤
c ≤ 1; our results also apply for c ∈ (−∞,−2], corresponding, e.g., to the
O (N ∈ [−2, 0]) branch, with a low-T phase for g ∈ [0, 12 ], and CP for g ∈ [ 32 , 2].
Hausdorff Dimensions of Hull Subsets
The fractal dimensionDEP of the accessible perimeter, Eq. (6.47), is, like c(g) =
c(g−1), a symmetric function of g and g−1 once rewritten in terms of g:
DEP = 1 +
1
2
g−1ϑ(1− g−1) + 1
2
gϑ(1− g), (9.4)
where ϑ is the Heaviside distribution. Thus DEP is given by two different an-
alytic expressions on either side of the separatrix g = 1. The dimension of the
full hull, i.e., the complete set of outer boundary sites of a cluster, has been de-
termined for O(N) and Potts clusters [32], and is
DH = 1 +
1
2
g−1, (9.5)
for the entire range of the coupling constant g ∈ [ 12 , 2]. Comparing to Eq. (9.4),
we therefore see that the accessible perimeter and hull Hausdorff dimensions
coincide for g ≥ 1, i.e., at the O(N) CP (or for tricritical Potts clusters), whereas
they differ, namely DEP < DH , for g < 1, i.e., in the O(N) low-T phase, or for
critical Potts clusters. This is the generalization to any Potts model of the effect
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Q 0 1 2 3 4
c -2 0 1/2 4/5 1
DEP 5/4 4/3 11/8 17/12 3/2
DH 2 7/4 5/3 8/5 3/2
DSC 5/4 3/4 13/24 7/20 0
Table 1 Dimensions for the critical Q-state Potts model; Q = 0, 1, 2 correspond to spanning trees,
percolation and Ising clusters, respectively.
originally found in percolation [92]. This can be directly understood in terms of
the singly connected sites (or bonds) where fjords close in the scaling limit. Their
dimension is given by [32]
DSC = 1 +
1
2
g−1 − 3
2
g. (9.6)
For criticalO(N) loops, g ∈ (1, 2], so thatDSC < 0, hence there exist no closing
fjords, thereby explaining the identity:
DEP = DH. (9.7)
In contrast, one has g ∈ [ 12 , 1) and DSC > 0 for critical Potts clusters and for the
O(N) low-T phase. In this case, pinching points of positive dimension appear in
the scaling limit, so that DEP < DH (Table 1).
Duality
We then find from Eq. (9.4), with g ≤ 1:
(DEP − 1) (DH − 1) = 1
4
. (9.8)
The symmetry point DEP = DH = 32 corresponds to g = 1, N = 2, or Q = 4,
where, as expected, the dimension DSC = 0 of the pinching points vanishes.
For percolation, described either by Q = 1, or by the low-T O(N = 1) model
with g = 23 , we recover the result DEP =
4
3 , recently derived in Ref. [86]. For
the Ising model, described either by Q = 2, g = 34 , or by the O(N = 1) CP
with g′ = g−1 = 43 , we observe that the EP dimension DEP =
11
8 coincides,
as expected, with that of critical O(N = 1) loops, which in fact appear as EP’s.
This is a particular case of a further duality relation between the critical Potts and
CP O(N) models:
DEP (Q(g)) = DH [O (N(g
′))] , for g′ = g−1, g ≤ 1 . (9.9)
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In terms of this duality, the central charge takes the simple expression:
c = (3− 2g)(3− 2g′). (9.10)
Exactly the same duality exists between the frontiers of Potts FK and geometrical
clusters, as studied in Ref. [219].
9.2. Geometric Duality of SLEκ
Stochastic Löwner Evolution
Fig. 40. The trace γ[0, t] of the chordal SLE process γt up to time t, and the Riemann map gt(z)
which maps the slit half-plane H\γ[0, t] to H. The image of γt is the Brownian motion w(κ t), (w
is standard one-dimensional Brownian motion).
An introduction to the stochastic Löwner evolution process (SLEκ) can be
found in Refs. [4], [207], [3]. Here we consider the so-called chordal SLE in
the complex half-plane. A similar definition of radial SLE exists for the complex
plane.
The trace γ[0, t] of this process γt is a conformally-invariant random path in
the half-plane H. The Riemann conformal map gt(z) : H\γ[0, t]→ H, from the
slit half-plane to H itself, obeys the stochastic Löwner equation [93]
∂tgt(z) =
2
gt(z)− w(κ t) ,
where w(κt) is a one-dimensional Brownian motion on the real line R = ∂H,
with diffusion constant κ ∈ [0,∞). The map is normalized (“hydrodynamic”
92 B. Duplantier
normalization) and the curve parameterized with respect to time t (half-plane
capacity parametrization), so that gt(z) has the asymptotic behavior at infinity:
gt(z) = z +
2t
z
+O(1/z2), z →∞,
for all t > 0.
The random path can be a simple or a non-simple path with self-contacts. The
SLEκ is parameterized by κ, which describes the rate of the auxiliary Brownian
motion along the boundary, which is the source for the process. When κ ∈ [0, 4],
the random curve is simple, while for κ ∈ (4, 8), the curve is a self-coiling
path [105]. For κ ≥ 8 the path is space filling.
The trace of this SLE process essentially describes the boundaries of (Potts)
clusters or hulls we have introduced above, or the random lines of the O(N)
model. The correspondence to the previous parameters, the central charge c, the
string susceptibility exponent γ, or the Coulomb gas constant g, is as follows.
In the original work by Schramm [93], the variance of the Gaussian winding
angle ϑ of the single extremity of a SLEκ of size R was calculated, and found to
be
〈ϑ2〉 = κ lnR.
In [34] we found, for instance for the extremity of a random line in the O(N)
model, the corresponding angular variance
〈ϑ2〉 = (4/g) lnR,
from which we immediately infer the identity
κ =
4
g
. (9.11)
The low-temperature branch g ∈ [ 12 , 1) of the O(N) model, for N ∈ [0, 2),
indeed corresponds to κ ∈ (4, 8] and describes non-simple curves, while N ∈
[−2, 0], g ∈ [0, 12 ] corresponds to κ ≥ 8. The critical point branch g ∈ [1, 32 ], N ∈
[0, 2] gives κ ∈ [ 83 , 4], while g ∈ [ 32 , 2], N ∈ [−2, 0] gives κ ∈ [2, 83 ]. The range
κ ∈ [0, 2) probably corresponds to higher multicritical points with g > 2. Owing
to Eq. (9.3) for γ, we have
γ = 1− 4
κ
, κ ≤ 4 ; (9.12)
γ = 1− κ
4
, κ ≥ 4 . (9.13)
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Duality
The central charge (6.19) or (9.2) is accordingly:
c = 1− 24
(κ
4
− 1
)2
/κ , (9.14)
an expression which of course is symmetric under the duality κ/4→ 4/κ = κ′,
or
κκ′ = 16 , (9.15)
reflecting the symmetry under gg′ = 1 [90]. The self-dual form of the central
charge is accordingly:
c =
1
4
(6− κ)(6− κ′). (9.16)
From Eqs. (9.5) and (9.4) we respectively find [90]
DH = 1 +
1
8
κ , (9.17)
DEP = 1 +
2
κ
ϑ(κ− 4) + κ
8
ϑ(4− κ) , (9.18)
the first result being later derived rigorously in probability theory [105, 107].
For κ ≤ 4, we have DEP(κ) = DH(κ). For κ ≥ 4, the self-coiling scaling
paths obey the duality equation (9.8) derived above, recast here in the context of
the SLEκ process:
[DEP(κ)− 1] [DH(κ)− 1] = 1
4
, κ ≥ 4 , (9.19)
where now
DEP(κ) = DH(κ
′ = 16/κ) κ′ ≤ 4 .
Thus we predict that the external perimeter of a self-coiling SLEκ≥4 process is,
by duality, the simple path of the SLE(16/κ)=κ′≤4 process.
The symmetric point κ = 4 corresponds to the O(N = 2) model, or Q = 4
Potts model, with c = 1. The value κ = 8/3, c = 0 corresponds to a self-
avoiding walk, which thus appears [85, 86] as the external frontier of a κ = 6
process, namely that of a percolation hull [93, 98].
Let us now study more of the SLE’s random geometry using the quantum
gravity method described here.
Up to now, we have described general conformally-invariant curves in the
plane in terms of the universal parameters c (central charge) or γ (string suscep-
tibility). The multifractal results described in the sections above thus apply to the
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SLE after substituting κ for γ or c. Care should be taken, however, in such a sub-
stitution since two dual values of κ (9.15) correspond to a same value of γ. The
reason is that up to now we have considered boundary geometrical properties
which actually were self-dual. An exemple is the harmonic multifractal spec-
trum of the SLEκ≥4 frontier, which is identical to that of the smoother (simple)
SLE(16/κ)=κ′≤4 path. So we actually saw only the set of simple SLE traces with
κ ≤ 4. When dealing with higher multifractality, we assumed the random curves
to be simple. When dealing with non-simple random paths, boundary quantum
gravity rules are to be modified as explained now.
10. QUANTUM GRAVITY DUALITY AND SLE
10.1. Dual Dimensions
It will be convenient to introduce the following notations. The standard KPZ map
reads:
x = Uγ(∆) = ∆
∆− γ
1− γ , (10.1)
where x is a planar conformal dimension and ∆ its quantum gravity counterpart,
and where we recall that γ is the negative root of
c = 1− 6γ2(1 − γ)−1, γ ≤ 0. (10.2)
We introduce the dual quantum dimension of ∆, ∆′ such that:
∆′ :=
∆− γ
1− γ , (10.3)
and
x = Uγ(∆) = ∆∆
′ . (10.4)
Similarly, let us define the variable γ′, dual of susceptibility exponent γ, by:
(1− γ)(1− γ′) = 1 , (10.5)
which is simply the (“non-physical”) positive root of Eq. (10.2):
c = 1− 6γ′2(1− γ′)−1, γ′ ≥ 0. (10.6)
The dual equation of (10.3) is then:
∆ =
∆′ − γ′
1− γ′ , (10.7)
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By construction we have the simultaneous equations:
∆ = U−1γ (x), ∆
′ =
U−1γ (x)− γ
1− γ , (10.8)
with the positive solution
U−1γ (x) =
1
2
(√
4(1− γ)x+ γ2 + γ
)
. (10.9)
We define a dual KPZ map Uγ′ by the same equation as (10.1), with γ′ sub-
stituted for γ. It has the following properties15:
x = Uγ(∆) = Uγ′(∆
′) , (10.10)
∆′ = U−1γ′ (x) =
U−1γ (x)− γ
1− γ , (10.11)
∆ = U−1γ (x) =
U−1γ′ (x)− γ′
1− γ′ . (10.12)
Boundary KPZ for Non Simple Paths
The additivity rules in quantum gravity for the boundary scaling dimensions of
mutually-avoiding random paths A and B are:
∆˜ (A ∧B) = ∆˜(A) + ∆˜(B) (simple paths), (10.13)
∆˜′ (A ∧B) = ∆˜′(A) + ∆˜′(B) (non− simple paths). (10.14)
For simple paths, like random lines in the O(N) model at its critical point, or the
SLE trace for κ ≤ 4 the boundary dimensions are additive in quantum gravity,
a fundamental fact repeatedly used above. On the other hand, for non-simple
paths, the dual dimensions are additive in boundary quantum gravity. This is the
case of random lines in the dense phase of the O(N) model, or, equivalently, of
hulls of Fortuin-Kasteleyn clusters in the Potts model, or of the SLEκ≥4 trace.
These additivity rules are derived from the consideration of partition functions
on a random surface in the dilute or dense phases. (See [1], Appendices B & C.)
The composition rules for non-simple paths are different from the ones for
simple paths, when written in terms of the standard string susceptibility exponent
γ, but they are formally identical in terms of the dual exponent γ′.
15It generalizes to any operator the so-called “wrong” KPZ gravitational dressing of the boundary
identity operator [60].
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Bulk KPZ for Non-Simple Paths
For determining the complete set of scaling dimensions, it remains to relate bulk
and boundary dimensions. In the dilute phase, i.e., for simple paths, we have
seen the simple relation in a random metric (see Appendix C in Ref. [1]):
2∆− γ = ∆˜ . (10.15)
The KPZ map from boundary dimension in quantum gravity to bulk dimension
in the plane reads accordingly
x = 2Uγ(∆) = 2Uγ
(
1
2
(∆˜ + γ)
)
= 2Vγ(∆˜), (10.16)
where
Vγ(x) =
1
4
x2 − γ2
1− γ , (10.17)
an expression repeatedly used above. When dealing with non-simple paths, these
relations have to be changed to:
2∆ = ∆˜ , (10.18)
as shown in detail in Ref. [1]. At this stage, the reader will not be surprised that
this relation is just identical to the dual of (10.15)
2∆′ − γ′ = ∆˜′ , (10.19)
when now written in terms of both dual dimensions and susceptibility exponent.
As a consequence, the scaling dimension of a bulk operator in a dense system
reads:
x = 2Uγ(∆) = 2Uγ
(
1
2
∆˜
)
=
1
2
∆˜
∆˜− 2γ
1− γ , (10.20)
which by duality can necessarily be written as:
x = 2Vγ′(∆˜
′), (10.21)
Vγ′(x) =
1
4
x2 − γ′2
1− γ′ ,
as can be easily checked. This QG duality is analyzed in greater detail in Ref. [1].
In summary, the composition rules for scaling dimensions, whether on a bound-
ary or in the bulk, take a unique analytic form for both phases (simple or non-
simple paths), provided one replaces the string susceptibility exponent γ in the
simple case by its dual variable γ′ in the non-simple case, and QG dimensions
by their duals. This applies to the dense phase of the O(N) model, or to Potts
cluster boundaries, and in particular to SLEκ≥4.
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10.2. KPZ FOR SLE
QG Duality for SLE
The QG duality is perfectly adapted to the parametrization of the SLEκ process.
Indeed we have from (9.12) and (9.13)
γ = 1− 4
κ
, γ′ = 1− κ
4
, κ ≤ 4; (10.22)
γ = 1− κ
4
, γ′ = 1− 4
κ
, κ ≥ 4, (10.23)
so that the analytical forms of γ and its dual γ′ are simply exchanged when
passing from simple paths (κ ≤ 4) to non-simple ones (κ > 4). Because of
the equivalent dual equations (10.10), by choosing either the γ-solution or the
γ′-solution, depending whether κ ≤ 4 or κ ≥ 4, we can write
x =
{
Uγ(κ≤4)(∆) = Uκ(∆) κ ≤ 4
Uγ′(κ≥4)(∆
′) = Uκ(∆′) κ ≥ 4, (10.24)
with now a single function, valid for all values of parameter κ
Uκ(∆) = 1
4
∆ (κ∆+ 4− κ) . (10.25)
Similarly, the inverse KPZ map (10.9) reads, according to (10.11) or (10.12):
∆ = U−1γ(κ≤4) (x) = U−1κ (x) , κ ≤ 4,
∆′ = U−1γ′(κ≥4) (x) = U−1κ (x) , κ ≥ 4, (10.26)
again with a single expression of the inverse function, valid for any κ
U−1κ (x) =
1
2κ
(√
16κx+ (κ− 4)2 + κ− 4
)
. (10.27)
I emphasize that Uκ coincides with the KPZ map for κ ≤ 4, while it represents
the dual of the latter when κ ≥ 4 and then acts on the dual dimension ∆′. For
instance, we have the important result at the origin
U−1κ (0) =
1
2κ
[ |κ− 4|+ κ− 4] =
(
1− 4
κ
)
ϑ(κ− 4), (10.28)
which vanishes for simple paths, and is non-trivial for non-simple ones.
It remains to define the analogue of the V function (10.17) or its dual (10.21):
x =
{
2Vγ(κ≤4)(∆˜) = 2Vκ(∆˜) κ ≤ 4
2Vγ′(κ≥4)(∆˜
′) = 2Vκ(∆˜′) κ ≥ 4, (10.29)
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with again a single function, valid for all values of parameter κ
Vκ(∆) = Uκ
[
1
2
(
∆+ 1− 4
κ
)]
=
1
16κ
[
κ2∆2 − (κ− 4)2] , (10.30)
but acting on the boundary dimension in quantum gravity or on its dual, depend-
ing on whether κ ≤ 4 or κ ≥ 4.
Composition Rules for SLE
Finally we can conclude with general composition rules for the SLE process.
Indeed, the boundary rule in H (10.13) or its dual (10.14), owing to Eqs. (10.24)
and (10.26), read in a unified way in terms of parameter κ:
x˜(A ∧B) = Uκ
[U−1κ (x˜ (A)) + U−1κ (x˜ (B))] , (10.31)
valid for the entire range of κ. Similarly, the composition rules for SLE’s in the
plane C are found from Eqs. (10.15) or (10.19), and recast according to (10.29)
and (10.26) into a unified formula, valid for any κ
x(A ∧B) = 2Vκ
[U−1κ (x˜ (A)) + U−1κ (x˜ (B))] . (10.32)
Thus we see that by introducing dual equations we have been able to unify the
composition rules for the SLE in a unique way, which no longer depends explic-
itly on the range of κ.
10.3. Short Distance Expansion
Boundary SDE
Consider the power law governing the behavior of two mutually-avoiding random
paths A and B anchored at the Dirichlet boundary line, and approaching each
other at short distance r along the line. The probability of such an event scales
like
P˜A,B(r) ∝ rx˜A,B , r → 0, (10.33)
where the short-distance exponent reads [19, 28]:
x˜A,B = x˜(A ∧B)− x˜(A)− x˜(B). (10.34)
We simply use the fusion rule (10.31) and the quadratic map (10.25) to immedi-
ately get
x˜A,B =
κ
2
U−1κ (x˜A) U−1κ (x˜B) , (10.35)
Conformal Random Geometry 99
( A )1SLE
(A)σ
( A )
SLE
κ
A
1x
~x~
x~U (1 )==
x~
−
−
r P~r σ
Fig. 41. Boundary contact exponent σ between an arbitrary conformally invariant set A and a chordal
SLE. It is given by fusion rules, and because of the properties of the KPZ map it is identical with the
QG boundary conformal dimension U−1(x˜A) of the set A alone.
where we use x˜A = x˜ (A) as a short-hand notation. In terms of quantum gravity
boundary dimensions, or their dual, this SDE exponent splits into
x˜A,B =
{
κ
2 ∆˜A∆˜B κ ≤ 4
κ
2 ∆˜
′
A∆˜
′
B κ ≥ 4.
(10.36)
So we see that the short-distance expansion (SDE) along the boundary of H is
governed by the product of the quantum boundary dimensions, or of their duals,
depending on the phase we are in. In particular, if one chooses the set B to be
the chordal SLE trace itself, its boundary dimension x˜1 = (6 − κ)/2κ is such
that ∆˜1 = U−1γ (x˜1) = 12 (1− γ) in the dilute phase, or ∆˜1 = U−1γ (x˜1) = 12 + γ
in the dense phase. That corresponds to the single expression U−1κ (x˜1) = 2/κ,
which is ∆˜1 for κ ≤ 4 or ∆˜′1 for κ ≥ 4. In this case, the expressions (10.35) or
(10.36) simplify to
x˜A,1 = U−1κ (x˜A) =
1
2κ
(√
16κx˜A + (κ− 4)2 + κ− 4
)
(10.37)
=
{
∆˜A κ ≤ 4
∆˜′A κ ≥ 4.
The boundary contact exponent between an SLE and an arbitrary conformally
invariant scaling set A in the standard (half-) plane is therefore identical with
the purely gravitational boundary exponent of the set A!
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In a way, in the standard plane, the local randomness of the SLE acts exactly
as quantum gravity for approaching scaling sets like A, when the latter have to
avoid the SLE.
This explains the observation made in Ref. [110] that the boundary SDE of
any operator with the SLE trace might be seen as exhibiting (boundary) quantum
gravity. However, we see that if for κ ≤ 4 the SDE exponent (10.37) is indeed
the KPZ solution ∆˜, for κ ≥ 4 it necessarily transforms to the dual dimension
∆˜′ introduced above in (10.3) . The appearance of the simple quantum gravity
dimension results from the consideration of the SDE with a boundary SLE, since
the general structure of SDE exponent (10.36) is clearly still quadratic and given
by the product of quantum gravity dimensions or their dual.
Bulk SDE
One can also consider the SDE for random paths in the full plane, corresponding
to the so-called radial SLE. Consider the power law governing the behavior of
two mutually-avoiding random paths A and B approaching each other at short
distance r in the plane, with probability
PA,B(r) ∝ rxA,B , r → 0, (10.38)
where the short-distance exponent now reads:
xA,B = x(A ∧B)− x(A) − x(B). (10.39)
In the case where the set B is chosen to be the radial SLE trace itself, taken at a
typical medial point, the expression simplify into
xA,2 = U−1κ (x˜A) +
(κ− 4)2
8κ
=
{
∆˜A +
(κ−4)2
8κ κ ≤ 4
∆˜′A +
(κ−4)2
8κ κ ≥ 4.
(10.40)
So the SDE of the SLE trace with any operator A in the plane again generates
the boundary dimension of A in quantum gravity or its dual, modulo a constant
shift. Notice that this shift is self-dual with respect to κκ′ = 16 and reads also
(κ−4)2
8κ =
1−c
12 .
10.4. Multiple Paths in O(N), Potts Models and SLE
Let us consider the scaling dimensions associated with several (mutually-avoiding)
random paths starting from a same small neighborhood, also called star expo-
nents in the above (Figure 42). It is simpler to first give them for theO(N) model,
before transferring them to the SLE. These exponents can be derived explicitly
from the quantum gravity approach, in particular in presence of a boundary (see
Appendix B in Ref. [1]). (See also refs. [58, 59, 61, 120].)
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Fig. 42. A boundary star SL made of L random lines in the O(N) loop model with Dirichlet bound-
ary conditions. It can also be considered as an L-multiple SLE. (Courtesy of I. Kostov.)
Multiple SLE’s in QG
Near the boundary of a random surface with Dirichlet conditions, the conformal
dimensions read
∆˜L =
L
2
(1 − γ) , ∆˜DL =
L
2
+ γ , (10.41)
where the “D” superscript stands for the dense phase. The quantum bulk dimen-
sions read similarly
∆L =
L
4
(1 − γ) + γ
2
, ∆DL =
L
4
+
γ
2
. (10.42)
The dilute phase corresponds to (9.12) for κ ≤ 4, while the dense one covers
(9.13) with κ ≥ 4:
∆˜L =
2L
κ
, ∆L =
1
2κ
(2L+ κ− 4), κ ≤ 4 (10.43)
∆˜DL =
L
2
+ 1− κ
4
, ∆DL =
1
8
(2L+ 4− κ) , κ ≥ 4. (10.44)
By using dual dimensions (10.3) for the dense phase, these results are unified
into
∆˜L =
2L
κ
, κ ≤ 4 (10.45)
∆L =
1
2κ
(2L+ κ− 4) , κ ≤ 4 (10.46)
∆˜DL
′ =
2L
κ
, κ ≥ 4 (10.47)
∆DL
′ =
1
2κ
(2L+ κ− 4) , κ ≥ 4. (10.48)
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Hence we observe that in the dense phase the dual dimensions play the role of
the original ones in the dilute phase.
Multiple SLE’s in H and C
The scaling dimensions x˜L in the standard complex half-plane H, or xL in the
complex plane C, can now be obtained from the quantum gravity ones by the
KPZ U -map (10.1), or, in the SLE formalism, from the Uκ (10.24) or Vκ (10.29)
adapted KPZ maps. From the last equations (10.45) to (10.48), it is clear that
by duality the analytic form of the dimensions stays the same in the two phases
κ ≤ 4, and κ ≥ 4. Indeed we get:
x˜L = Uκ(∆˜L) = L
2κ
(2L+ 4− κ) , κ ≤ 4 (10.49)
xL = 2Vκ(∆˜L) = 1
8κ
[
4L2 − (4− κ)2] , κ ≤ 4 (10.50)
x˜L = Uκ(∆˜DL ′) =
L
2κ
(2L+ 4− κ) , κ ≥ 4 (10.51)
xL = 2Vκ(∆˜DL ′) =
1
8κ
[
4L2 − (4− κ)2] , κ ≥ 4. (10.52)
10.5. SLE(κ, ρ) and Quantum Gravity
ρSLE (  )
κ
SLE
ρL = =
SLE
/2 κ /2)(
κ
κ
n
U (1n)
Fig. 43. Left: The drift ρ in SLE(κ, ρ) introduces a pressure that pushes the path further away from
the left part of the half-plane boundary. Middle: The n-Brownian packet, equivalent to the drift ρ,
that is avoided by the standard SLEκ. Right: The equivalence to the avoidance of a number L = ρ/2
of multiple SLEκs.
An extension of the original SLE, the SLE(κ, ρ) stochastic process, has been
introduced in Ref. [112] (see also [115–118]). A drift term of strength ρ is added
to the boundary Brownian process that appears in the Löwner equation driving
the uniformizing Riemann map of the SLEκ trace. For ρ = 0, one recovers the
usual SLE process: SLE(κ, ρ = 0) = SLEκ. As a consequence, the chordal
SLE(κ, ρ) feels an asymmetrical “pressure” that tends to push it away from one
side of the Dirichlet boundary (Figure 43).
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As shown in Ref. [115], the SLE(κ, ρ) is completely equivalent, in terms of
conformal properties or critical exponents, to a standard SLEκ in the presence,
on the same side of the boundary, of a packet of n independent Brownian paths
which are avoided by the SLEκ trace, and exert a “conformal pressure” (Fig. 43).
The value of n is given by the formula
ρ = κU−1κ (n). (10.53)
We can then use the QG formalism to give yet another representation of the
SLE(κ, ρ) process and give a simple meaning to parameter ρ (10.53). The equiv-
alent Brownian packet associated with the SLE(κ, ρ) process can indeed be re-
placed by multiple SLE’s. Multiple SLEκs and a Brownian packet are confor-
mally equivalent if and only if their boundary QG dimensions (for κ ≤ 4), or
their dual boundary QG dimensions (for κ ≥ 4), coincide:
∆˜L =
2L
κ
= U−1κ (n) , κ ≤ 4
∆˜DL
′ =
2L
κ
= U−1κ (n) , κ ≥ 4;
both cases yield naturally the same anaytical result. Therefore the parameter
ρ/2 ≡ L simply appears as the numberL of equivalent multiple SLEκ’s avoided
by the original one (Fig. 43) (See also [118].)
Contact Exponents for SLE(κ, ρ)
σ
SLE
κ
ρSLE (  )
κ
−=
r
nm
U (1 )n+m U (1 )n
σ
m
Fig. 44. Top: Contact exponent of a packet of m Brownian paths that avoids the trace of an
SLE(κ, ρ). Them-packet overlaps with the equivalent n-packet associated with the drift parameter ρ
and adds to the pressure exerted by the latter onto the trace of SLEκ. Bottom: The QG representation
of exponent σ.
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One can use this QG conformal equivalence to predict other properties of the
composite SLE(κ, ρ) process.
A first question is that of the minimal value of the drift or pressure parameter
ρ such that the trace of SLE(κ, ρ) completely avoids the negative part ∂H− of
the half-plane boundary. For κ ≤ 4, the trace of SLEκ always avoids ∂H, while
for κ > 4 it always bounces onto it. The minimal value of ρ simply corresponds
to a minimal number n = 0 of equivalent Brownian paths, whence:
ρ = κU−1κ (0) = (κ− 4)ϑ(κ− 4), (10.54)
where we used (10.28). As expected, this minimal value for ρ [116] is non van-
ishing only for κ > 4.
Consider also the probability P (r) that a packet of m independent Brownian
paths avoids a chordal SLE(κ, ρ), while starting at distance r from it on the
boundary (Fig. 44). This probability scales as P (r) ≈ rσ(m,ρ), and the contact
exponent σ(m, ρ) can be calculated with the help of the Brownian equivalence
and of the contact exponent (10.37) for standard SLE (see figures 43 and 41).
One finds
σ(m, ρ) = U−1κ (m+ n)− U−1κ (n),
where n is given by ρ = κU−1κ (n). Again a contact exponent, σ, acting in the
standard (half-) plane, actually is a quantum gravity exponent! (Fig. 44).
10.6. Multifractal Exponents for Multiple SLE’s
In section 6 above we have studied in detail the multifractal spectrum associated
with the harmonic measure near a conformally-invariant frontier, generalized to
the mixed rotation spectrum in section 8. We also looked at the double-sided
distribution of potential near a simple fractal curve. We have seen in previous
sections 10.1 and 10.2 how to extend the formalism to non-simple curves, by
using duality. We now briefly apply it to some other spectra associated with the
harmonic measure near multiple paths. They include the so-called SLE derivative
exponents [96].
Boundary Multifractal Exponents
Let us start with geometrical properties of CI curves near the boundary of H
(chordal SLE). We specifically look at the scaling behavior of moments of the
harmonic measure, or in SLE terms, of powers (of the modulus of) the derivative
of the Riemann map that maps the SLE trace back to the half-line R = ∂H
[3, 96, 207].
Consider the L-leg boundary operator Φ˜SL creating a star made of L semi-
infinite random paths S˜1, diffusing in the upper half-plane H and started at a
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Fig. 45. Representation of harmonic moments by packets of independent Brownian paths diffusing
away from a single SLE trace, hence aL = 1 star S1. There are three locations to probe the harmonic
measure: at the SLE origin on the boundary, at the SLE tip in the plane, or along the fractal curve
itself. The corresponding scaling exponents are respectively x˜(1 ∧ n), x(1 ∧ n) and x(2 ∧ n).
single vertex on the real line ∂H in a mutually-avoiding star configuration SL =
(∧S1)L, as seen in section 10.4 (Fig 42). Its boundary scaling dimension x˜L is
given by Eqs. (10.49) or (10.51):
x˜(SL) = x˜L = L
2κ
(2L+ 4− κ) , ∀κ (10.55)
with the inversion formula:
U−1κ (x˜L) = LU−1κ (x˜1) =
2L
κ
, ∀κ. (10.56)
We thus dress this L-star SL by a packet of n independent Brownian paths dif-
fusing away from the apex of the star, located on the boundary, while avoiding
the star’s paths (Fig. 45). In our standard notation, this reads:
SL ∧ {
n︷ ︸︸ ︷
B ∨ B ∨ · · · B} = (∧S1)L ∧ (∨B)n ≡ L ∧ n.
The corresponding boundary scaling dimension x˜(L ∧ n) in H is given by the
KPZ structure relations (10.31, 10.56):
x˜(L ∧ n) = Uκ
[
L
2
κ
+ U−1κ (n)
]
. (10.57)
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Boundary Derivative Exponents
It is interesting to isolate in these exponents the contribution x˜L (10.55) coming
from the L SLE paths, and define a subtracted exponent, the (boundary) deriva-
tive exponent [96], which is obtained after simplication as
λ˜κ(L ∧ n) := x˜(L ∧ n)− x˜L = n+ LU−1κ (n)
U−1κ (n) =
1
2κ
[√
16κn+ (κ− 4)2 + κ− 4
]
.
For L = 1, one recovers the result of Ref. [96]. The linear structure so obtained
is in agreement with the short-distance expansion results (10.35) and (10.36);
mutual-avoidance between SLE and Brownian paths enhances the independent
path exponent x˜L + n by L times a typical boundary QG term.
Boundary Disconnection Exponents
Notice that for n = 0 the exponent is not necessarily trivial:
λ˜κ(L ∧ 0) = LU−1κ (0) = L
(
1− 4
κ
)
ϑ(κ− 4).
So this exponent takes non-zero values for κ > 4, i.e. for self-coiling CI curves.
This is typical of a disconnection exponent: Consider a point z located along the
boundary ∂H at short distance r = |z − w| from the origin w where all paths of
the SLE star SL are started. The probability P˜L∧0 that point z stays connected to
infinity without being encircled by the collection of SLE traces scales like
P˜L∧0(z) ∝ rλ˜κ(L∧0) = rL(1−4/κ), r→ 0, κ ≥ 4.
If κ ≤ 4, the probability that the SLE paths return to the boundary is zero, and
any point w 6= 0 stays connected to infinity, hence a vanishing disconnection
exponent λ˜κ≤4(L, 0) = 0.
Planar Multifractal Exponents
Let us consider now the scaling exponent x(L ∧ n) associated with the nth mo-
ment of the harmonic measure near the tip of a collection of L radial SLE paths
in the plane. It suffices to use the bulk general composition formula (10.32) in
place of the boundary one (10.31) in (10.57) above, to immediately get:
x(L ∧ n) = 2Vκ
[
L
2
κ
+ U−1κ (n)
]
.
It is useful to separate the contribution xL of the tip of star SL
xL =
1
8κ
[
4L2 − (4− κ)2] ,
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and define a bulk derivative exponent
λκ(L ∧ n) := x(L ∧ n)− xL = n
2
+
1
2
(
L+
κ
4
− 1
)
U−1κ (n) ,
which generalizes the L = 1 case considered in Ref. [96].
Planar Disconnection Exponents
For n = 0 this yields the set of disconnection exponents
λκ(L ∧ 0) =
{
0 κ ≤ 4
1
2
(
L+ κ4 − 1
) (
1− 4κ
)
κ ≥ 4,
which governs the probability PL∧0(r) that a point z ∈ C, located at distance
r = |z − w| from the star’s tip w, stays connected to infinity without being
encircled by the collection of SLE traces:
PL∧0(r) ∝ rλκ(L∧0), r → 0.
Here again, it strongly depends on whether the random paths are simple or not,
respectively for κ ≤ 4 and κ > 4. If κ ≤ 4, the SLE paths are simple curves that
cannot encircle any exterior point; the latter therefore stays connected to infinity,
hence a vanishing disconnection exponent.
For L = 1, we recover the disconnection exponent associated with the tip of a
single radial SLE trace, or, equivalently, with the end of an open line in theO(N)
model, a result appearing in [96, 105].
Double-Sided Exponents
Let us mention that boundary double-sided exponents can be defined, corre-
sponding to double moments of the harmonic measure on both sides of a multiple
SLE trace, or, equivalently, to double-sided derivative exponents [1,96]. We have
in mind configurations where two packets of n1 and n2 Brownian paths diffuse
on both sides of a boundary star SL. They are easily computed at level L from
the QG method, and the interested reader is referred to [1].
Winding of Multiple SLE’s
Let us finally return to the winding angle variance at points where k strands come
together in a star configuration Sk. We have seen in section 8 that the variance
of k paths up to distance R is reduced by a factor 1/k2 with respect to the k = 1
single path case, namely:
〈ϑ2〉k = κ
k2
lnR.
In the case of non-simple paths (κ > 4), one can further consider the winding
at points where k strands meet together, amongst which j adjacent pairs (with
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2j ≤ k) are conditioned not to hit each other [216]. In each pair the two strands,
which otherwise would bounce on each other, are disconnected from each other,
and that corresponds, in our notations, to a star configuration:
Sk,j =
k−2j︷ ︸︸ ︷
S1 ∧ S1 ∧ · · · S1 ∧
j︷ ︸︸ ︷
(S1 ∧ 0 ∧ S1) ∧ · · · ∧ (S1 ∧ 0 ∧ S1) . (10.58)
Wieland and Wilson made the interesting conjecture that in this case the winding
angle variance grows like [216]
〈ϑ2〉k,j = κ
(k + jmax(0, κ/2− 2))2 lnR. (10.59)
This can be derived from the quantum gravity formalism as follows. A gener-
alization of Eq. (8.15) gives the number of paths, k(j), which is equivalent to k
strands in a star configuration Sk,j (10.58), as
k(j) = k + j
U−1κ (0)
U−1κ (x˜1)
.
Indeed, one simply has to gauge the extra (quantum gravity) conformal weight
j × U−1κ (0), associated with the j disconnected pairs, by the (QG) boundary
conformal weight U−1κ (x˜1) of a single path extremity. Because of the value
(10.28) and the value (10.56) we find
k(j) = k + j
(κ
2
− 2
)
ϑ(κ− 4),
which gives a variance
〈ϑ2〉k,j = 〈ϑ2〉k(j) = κ
k2(j)
lnR,
which is just the conjecture (10.59), QED.
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